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Abstract. This investigation studios topological mixing and strong specifi- 
cation of two-dimensional shifts of finite type. Connecting operators are intro- 
duced to reduce the order of high-order transition matrices to yield lower-order 
transition matrices that are useful in establishing finitely checkable conditions 
for the primitivity of all transition matrices. Two kinds of sufficient condition 
for the primitivity of transition matrices are provided; (I) invariant diagonal 
cycles and (II) primitive commutative cycles. After primitivity is established, 
the corner-extendability and crisscross-extendability are introduced to demon- 
strate topological mixing. In addition to these sufficient conditions for topo- 
logical mixing, the hole-filling condition implies the strong specification. All 
mentioned conditions are finitely checkable. 



1. Introduction 

Multi-dimensional shift is an important and a highly active area of ongoing 
research in dynamical system. It is also closely related to lattice models in the sci- 
entific modeling of spatial structure. Relevant investigations have been performed 
on phase transitions and chemical reactions [il[51[71[TT|P^[^[ ^ [?7 l l ^ [^|5ni 
[MllSZllMllMllinilSnilSIllSl], blology m and image processing and pattern 
recognition [171 [HI HOl ISll [24j [25l [33] . Lattice models can be better understood if 
multi-dimensional shifts of finite type are understood. The most interesting prop- 
erties of shifts include entropy and various mixing properties, such as topological 
mixing and strong specification (or strong irreducibility) . These properties enjoy 
many of the important properties of dynamical systems [HI [131 [SI [13 [lEl [Ml [IS 
[30l[l5l|4Tl|42l|44l|45l|^|t9l|54]. However, determining whether a given system 
exhibits topological mixing or strong specification in multi-dimensions is not easy. 
The intrinsic difficulty is related to undecidability of multi-dimensional coloring 
problem [10l|2ll|23l|32l|34l|46l|48l|53]. Nevertheless, this study provides some 
easily checked sufficient conditions for topological mixing and strong specification 
of two-dimensional shifts of finite type. 

Let 1? be the two-dimensional planar lattice. Vertex (or corner) coloring is 
considered first. For any m, n > 1 and (j,j) G Z^, the m x n rectangular lattice 
with the left-bottom vertex is denoted by 
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Zmxn((i,i)) = {{i + ni,j + n2) I < ni < TO - 1,0 < < n - 1} . 
In particular, 

((0,0)). 

Let Sp be a set of p (> 2) colors or symbols. For 111,12 > 1, T,mxn{p) — Sp""^" is 
the set of TO X n local patterns. 

Let B C S2x2(p) be a basic set of allowable local patterns. For any lattice 
i? C Z , the set of all ,B-admissible patterns on R is defined as 

Sfl(S) - {[/ e 5« : C/ U...((,,,))e S if Z2x2((*, j)) c i?} . 

Denote S„xn(S) = ^z^^JB) for to, n > 2. S(6) = I]z2(S) is the set of all global 
patterns that can be constructed from the local patterns in B. Notably, any Z^-shift 
of finite type can be represented by some B C T,2x2{p) for some p>2 [33]. Hence, 
only the case of S C ^2x2{p), P > 2, is considered here. 

First, topological mixing is introduced. For any shift E and any subset R <zl? , 
IIr{Yj) : S Sp is the restriction map. Denote by d the Euclidean metric on Z^. A 
Z^ shift S is topologically mixing (mixing, for short) if for any finite subsets Ri and 
i?2 of Z^, a constant M(i?i, R2) exists such that for all v S Z^ with d(i?i, i?2 + v) > 
M, and for any two allowable patterns Ui G Ilii^{T,) and U2 € n_R2+v(S), there 
exists a global pattern W £ with nflj(W) = Ui and ILu^+viW) = U2; see [54] . 

On the other hand, S has strong specification if a number M(S) > 1 exists 
such that for any two allowable patterns Ui G Uji^{T,) and U2 & Hn^i^) with 
d(i?i, i?2) > M, where Ri, R2 are subsets of Z^, there exists a global pattern S S 
withni^^(VF) = f/i and 11^,2 (W) = U2; see [53]. Clearly, strong specification implies 
topological mixing. 

Very few results that verify that 'S{B) is mixing or has strong specification are 
known [3l [4^ . Previously, in studying pattern generation problems [2] , the authors 
introduced connecting operators to study the entropy of S(S). In this paper, con- 
necting operators are also used to provide sufficient conditions for the mixing of or 
strong specification of S(S). 

First, topological mixing is considered. Given two patterns Ui and U2 defined on 
i?i and i?2+v respectively, in general, Ri and i?2+v are not located horizontally or 
vertically. Typically, the gluing process is decomposed into three steps, as presented 
in Fig. 1.1. For clarity, in Fig 1.1, the patterns J7's are presented and the underlying 
lattices R's are omitted. 

Step (1): Extend U2 to U2 such that Ui can connect U2 horizontally. The combined 

pattern becomes an L-shaped pattern C/i IJ J7i IJ C/2 IJ ^2. 
Step (2) : Extend the L-shaped pattern to a rectangular pattern. 
Step (3): Extend the rectangular pattern to a global pattern on Z^. 
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Figure 1.1. 

To ensure that all processes are executable, the following sufficient conditions 
are proposed in each step: 

(i) The primitivity of horizontal transition matrices ]HI„ and vertical transition 
matrices V„, for each n > 2. 

(ii) The corner-extendability for L-shaped lattices. 

(iii) The rectangle-extendability to the Z^-plane. 

Notably, a matrix A is primitive (or no-primitive) if there exists uq > 1 such that 
A" > for all n > uq; here, A" > means that each entry of is positive except in 
positions of A where a zero row or zero column is present. To find finitely checkable 
sufficient conditions of (i), two kinds of sufficient conditions for the primitivity of 
H„ and V„ are introduced. 

(I) invariant diagonal cycles, 
(II) primitive commutative cycles. 

Both of these conditions are applied to construct the primitive diagonal subma- 
trices of H^^^"^ for some M(n), n > 2; then, they are used to show that ]HI„ is 
primitive. Furthermore, when either condition applies, only finitely many H„ have 
to be checked to ensure that IHI„ is primitive for all n > 2. 

After the primitivity of IHI„ and V„ is established, the corner-extendable condi- 
tions C(l) ~ C'(4) and crisscross-extendability are introduced fPefinitions 13.21 and 
13. lip to extend the L-shaped pattern and the rectangular pattern into a global 
pattern, and then to establish that S(,B) is mixing. The main theorem is given by 
Theorem EH 

Theorem 1.1. // 

(i) B C S2x2(p) is crisscross- extendable, 

(ii) B satisfies three of corner- extendable conditions C{i), 1 < « < 4, 

then Iin{B) and ¥„(£?) are primitive for all n > 2 if and only if Y,[B) is mixing. 

Next, strong specification is considered. Since strong specification is stronger 
than topological mixing. Apart from the processes in Fig. 1.1 which concern the 
situation in which regions i?i and i?2 + v are far away, the case in which one pattern 
is enclosed in another pattern, as in Fig. 1.2, must be studied. 
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Figure 1.2. 

Notably, in studying topological mixing, Fig. 1.2 can be reduced to Fig. 1.1. 
However, in studying strong specification, Ui and U2 cannot be removed since the 
relative positions of Ri and R2 are fixed. Now, the gluing of Ui and U2 can be 
completed by the following two processes. 

Step (4): Extend Ui horizontally and vertically to form a crisscross pattern that 

touches U2, as presented in Fig. 1.3. 
Step (5): Fill the holes that are surrounded by the rectangularly annular lattice to 

form a rectangular pattern, as presented in Fig. 1.4. 





Figure 1.3. Figure 1.4. 

Then, repeat Step (3) and extend the rectangular pattern to a global pattern on 

The hole-filling condition (HFC) in Step (5) is finitely checkable: any hole of 
size (M, N) that is surrounded by any admissible annular lattice with width L > 2 
can be filled by admissible local patterns and forms an (M -I- 2L) x (A'' + 2L) 
pattern. Moreover, k hole-filling condition (HFC)fc, k > 2, with (HFC)2 = HFC 
is introduced (see Definition 15. ip . which is weaker than HFC and is also finitely 
checkable. (HFC)^ is closely related to the extension property called square filling 
[411 142] . The main theorem for strong specification is given by Theorem 15.41 



Theorem 1.2. Given B C Yj2y.2{p), if there exists k > 2 such that 

(i) B is k crisscross-extendable, 

(ii) B satisfies {HFC)k with size (M, N) for some M, N >2k~3, 

(iii) Hfe is {M — 2/c + 5) -primitive and Yk is {N — 2k -\- 5) -primitive, 
then S(yB) has strong specification. 

Theorems 11.11 and 11.21 are very powerful in verifying mixing properties. The 
most known results for strong specification and topological mixing in the literature 
can be checked successfully by them. Their significance in classification of mixing 
properties is discussed as follows. Previously, Boyle et al. [T^] discussed various 
mixing properties, including strong irreducibility, uniform filling property, corner 
gluing, block gluing and topological mixing (see Definition I3.17p . The range of 
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(HFC)fc and these mixing properties for 1? shifts of finite type are fisted in Figure 
1.5. For brevity, we use the following notations. 

(a) : B satisfies (HFC)fe (i.e., condition (ii) of Theorem II. 2p and conditions (i) 
and (iii) of Theorem 11.21 

(b) : has strong specification, 

(c) : has the UFP, 

(d) : is corner gluing, 

(e) : S(/B) is block gluing, 

(f) : is topologically mixing. 




Figure 1.5. 

Notably, the solid line indicates that the inner property is strictly stronger than 
the outer one; the dotted line indicates that inner property is stronger than or 
equivalent to the outer one. Example 16. 81 in this paper is an example for (&) ^ (a), 
and the examples for (d) ^ (c) and (e) ^ (d) were given by Boyle et al. [H]. It 
is still unsolved whether or not (6) <^ (c); see [H]. Note that strong specification, 
periodic specification and strong irreducibility are all equivalent; see Remark l3.18l 

In viewing Fig. 1.5, Theorem 11.11 and primitive results in Section 4 ensure the 
weakest case-topological mixing-holds. Theorem 11.21 ensures the strongest case- 
strong specification-holds. 

In studying both topological mixing and strong specification, the transition ma- 
trices Hji and V„ and the connecting operator or Cm, introduced in Section 
2, are extensively used. Indeed, invariant diagonal cycles, primitive commutative 
cycles and (IIFC)fe can be expressed in terms of transition matrices and connecting 
operators as the finitely checkable sufficient conditions. All cases with certain ex- 
tendability conditions can be verified by using transition matrices and connecting 
operators except strong specification. In conclusion, the mixing properties in Fig. 
1.5 with certain extendable conditions can be expressed in terms of transition ma- 
trices and connecting operators except strong specification. The related theorems 
are listed in Table 1.1. 

On he other hand, the extendability problem is known to be undecidable [lUl 
[m m 131 [31111 HHl US]. Presumably, the gluing problem is also undecidable. 
Therefore, it is not possible to obtain a necessary and sufficient condition which 
are finitely checkable for topological mixing and strong specification. However, the 
gluing problems in this paper are decomposed into primitivity problems of transition 
matrices of (1) and (4), and the extending problems of (2), (3) and (5). Although 
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extending problem (3) is generally undecidable, the proposed finitely checkable 
sufficient conditions ensure that is answered affirmatively under our situation. 



Results 

Mixing properties 


Expressions in H and § 


Finite checkable sufficient 
conditions 


Strong specification 




Theorem O 


Uniform filling property 


Theorem 




Corner gluing 


Theorem 1 A. 31 




Block gluing 


Theorem 13. 191 




Topological mixing 


Theorem O 


Theorem 14.281 



Table 1.1. 

In many physical problems, edge coloring is very common. The results of vertex 
coloring can easily be extended to edge coloring. In particular, the six-vertex and 
eight-vertex ice models in statistical physics can be shown to exhibit topological 
mixing and strong specification, respectively. The other related cases can be treated 
analogously [SJ [7] . 

The rest of this paper is organized as follows. Section 2 introduces ordering 
matrices of local patterns, transition matrices and connecting operators. Sec- 
tion 3 introduces corner-extendable conditions and crisscross-extendability to study 
rectangle-extendability and mixing. Section 4 introduces invariant diagonal cycles 
and primitive commutative cycles to establish sufficient conditions for the primi- 
tivity of IHI„ or V„ . Section 5 introduces k hole-filling condition to develop finitely 
checkable conditions for strong specification. Section 6 presents the theory of edge 
coloring. In Appendix, we present the expressions of (HFC)/c, uniform filling prop- 
erty and corner gluing with rectangle-extendability by H„ and Sm- 

2. Preliminary 

This section reviews the essential aspects of the ordering matrices of local 
patterns and their associated transition matrices [T]. Then, connecting operators 
are introduced. This study depends on more precise properties of connecting op- 
erators which were only outlined in the previous paper [5]. Most of the proofs can 
be obtained by the arguments similar to those in p] [2] and are omitted. 

As presented elsewhere [1], with p > 2 fixed, the ordering matrices X„ and Y„ 
are introduced to arrange systematically all local patterns (p) and E„x2(p), 

respectively. 

Since the vertex coloring and face coloring are equivalent on Z^, in the following, 
the colors of patterns are drawn on faces instead of on vertices. 

For an n-sequence Un = ("Ui, ""2, • • • , with ^ Sp, I < k < n, U„ is assigned 
the number by the n-th order counting function = ipn' 

n 

(2.1) V(C7„) = V'(wi,W2,-- - ,M„) = 1 + ^W"'''^- 

k=l 
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The horizontal and vertical ordering matrices X2 — [xi^jjp2xp2 andY2 = [yi2j2]p^xp2 
are defined by 



(2.2) 



«0,1 


"1,1 


"0,0 


"1,0 



and yi2 ,32 



"0,1 


"'1,1 


"0,0 


"'1,0 



where Ug t, u'^ j e Sp, < s, t < 1, with 



ii = i/'(wo,o,Mo,i) 

For instance, when p — 2, 
(2.3) 

S ffl ffl ffl 
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and 



12 = V'(Wo,0:W'l,o) 

32 = i^{u'^^,u'-i_,). 
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Now, X2 and Y2 are closely related to each other as follows. 



(2.4) 



where 



(2.5) 



X2:2 

X2;p+2 



2;p(p-l) + l -'^2;p(p-l)+2 



X2:a — 



Va.l 

ya,p+l 



ya.2 
ya,p+2 



2/q,p(p-1) + 1 ya,p(p-l)+2 



X2;p 
X2;2p 



X2;p2 



ya.p 
ya,2p 

ya,p-^ 



the case for Y2 is similar. 

The higher-order ordering matrices X„ = [xn;i.j]p"xp" of '^2xn{p), n > 3, are 
defined recursively as 



(2.6) 



n;p+l 



Xn;2 
Xn;p+2 



Xn;p{p-1) + 1 Xn-pi^p-l)+2 



Xn\p 
Xn:2p 



X 2 



where 
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(2.7) 



ya,lXn-l:l 
ya,p+lXn-l;p+l 



yQ,2^n-l;2 
yQ,p+2^n-l;p+2 



ya.p-Xn—l-.p 
ya,2pXn-l;2p 

ya .p^ -^n —l:p^ 



ya,p{p-l) + l^n-l;p{p-l} + l ya,p{p-l}+2^n-l;p(p-l)+2 

is ap"^^ xp"^^ matrix. Notably, the entry 

•^n\i^j is the 2 X 71 local pattern L^2xn 

(?is,t)o<s<i,o<t<n-i with 



(2.8) i = VjCuccwo,!, • • ■ ,'«o,,i-i) and j = ■0("i,o, wi,!, • • ■ , wi,n-i)- 

Similarly, the higher-order ordering matrix Y„ can be defined recursively, as above. 

Given a basic set B C I]2x2(?'), the horizontal and vertical transition matrices 
H2 = 112(5) = [/iij]p2xp2 and V2 = ¥2(5) = [wi,j]p2xp2 are given by 



(2.9) 



hi_j — 1 if Xi^j G 
hi 



and 



J =1 if j/i J- e ;B, 
— if Xij ^ \ J =0 if j/i J- ^ 

According to (|2.6p and (|2.7p . the higher-order transition matrices H„, n > 3, 
can be defined as 



(2.10) 

where 
(2.11) 



H, 



n;2 
n;p+2 



H, 



H, 



n;2p 



^n;p(p-l) + l -f^n;p(p-l)+2 



lHn-l;p+l 



Va,2Hn~l-2 
Va,p+2Hn-l-p+2 



is a ^ X p" ^ 



'^ajp-^n — l-p 
Va,2pHn-U2p 



Va,p{p-l) + lHn-l-p{p-l) + l Va,p{p-l)+2Hn-l-p{p-l)+2 

zero-one matrix. 

Furthermore, for any n > 2 and g > 1, M.n+q are decomposed by applying (|2.10p 
g -I- 1 times, as follows. For any q> 1 and < r < g — 1, define 



n+?;/3i;ft;---;/3r4 



Hn+q-l3t-l32V ;/3r+i;l -ffri+<7;/3i;/32;--- ;/3r+i;2 



'n+g;/3i;/32;--- ;/3,+i;p(p-l)-l-l -ffn+g;^i;^2;--- ;^r-i-i;p(p-l)+2 ••• -«n+9;/3i;& 

Therefore, for any g > 0, H„+g can be represented as a x matrix 



Hn+q-l3x-l32\---;l3r+i\2p 



(2.12) 



2+1/ — [-^n+g;i,j]p9+lxp5+l ~ [-ffn-(-i};0i ; 



/92;-;/3, 
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In particular, when q — 0, 



(2.13) 



More precisely, the relation between 1 < /32, • • • , f^q+i < P and 1 < i,i < p''^^ 
is as follows. Given 1 <i,j < p"^^^, choose ii,ji € Sp, 1 < I < q + 1, such that 

(2.14) i = i'{ii,-i2,--- ,-iq+i) and j ^ ipih, h, ■ ■ ■ , jq+i)- 
For 1 < ; < g-l- 1, let 

(2.15) [iS,j)=i^{ii,ji). 
Then, 

(2-16) Hn+q-i,j = ■ffn+q;/3i(j,i);/32(iJ);---;/3,+i(jJ-)- 

From (|2T1|) . for g > 1, 

can be verified. Hence, let Hq+i = [/iq-fi^ijjpg+i ypg+i 

; by (121^ and (l2T7| . 

(2.18) Hn^q-ij = = ^<7+l;i,j-ffn;j'(ij-)j-'(i,j), 

where ^ < i' , j' < P- Actually, we have 



(2.19) and /(z,j)=/(j)- 
Hence, i' (or j') depends only on i (or j). 

Before showing the formula for reducing Mn+q to ]HI„, two products of matrices 
are introduced as follows. For any two matrices A = [a^j] and B = \bkj], the 
Kronecker product (tensor product) of A B is defined by 

A®B= [ai,jB] . 

Next, for any two m x m matrices C — [cij] and D ~ [dij], where Cij and dij are 
numbers or matrices, the Hadamard product of C o D is defined by 

C o D ^ [cij ■ d^^j] , 

where the product Cij-dij of Cij and dij may be a multiplication between numbers, 
between numbers and matrices or between matrices whenever it is well-defined. 

Now, from (|2.18p . high-order transition matrices IHI„_|.q can be reduced to lower 
order transition matrices ]HI„ as follows. 

Proposition 2.1. For any n > 2 and q > 1, 

(2.20) H„+, - (Il,+i)p,+ ,^p,+ i O (^Ep^^p, [Hn■,^',r]p^p) , 

where Ekxk is the k x k full matrix. 
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Notably, the results for H„ are also valid for V„, as easily determined by ex- 
changing the terms ]HI„ and V„. Therefore, for simplicity, only the results for ]HI„ 
are presented herein. 

In the following, H™^^ can be expressed in terms of M™ and connecting opera- 
tor Cm- This result is crucial in establishing finitely checkable conditions for the 
primitivity of all H^, fc > 2. 

From (|2.13p . for m > 2, the elementary pattern of H™ is 

where l<js<p, 1 < s < m + 1. Let 

(2-21) ^m^n;a ~ ^n-ji,j2-^ri-j2,j3 ' ' ' ^n;3m,jm+n 

where 

a = V'(ji - 1, jm+i - 1) and k = tp{j2 - 1, j3 - 1, • ' ' , jm - !)• 

From (|2.2p and p.7p . the entry (i?m,li;Q ) is equal to the cardinal number of the 

set of all (m + 1) x n i3-admissible local patterns C/(,n+i)xn = (ws,i)o<s<m,o<t<n-i 
with 



(2.22) 

a = l/'("0,0,Mm,o) 
^ = '0("1,O, M2,0, • • • , Mm-1,0) 

Clearly, 1 < a < and 1 < fc < 
Therefore, for to > 2, 



and 



i = V'(mO,1, U0,2, • • • , "0,n-l) 
j = V'(Um,l, Um,2, • • • ,'"m,n-l) 



(2.23) 



where 



m,n;l 



H, 



m.n:2 



m,n;p+l 



m.n:p 
m,n;2p 



rr rr , , , tr 

-'-'m,n;p(j3— 1) + 1 -'-'m,n;p(p— 1)+2 ' ' ' ^m,n-,p^ 



/ J m,n;oi 



k=l 

Furthermore, denote by 

, t 

i<fe<p" 

_i . (k) 

ap™~ column- vector that consists of all Hm'n-a in Hm,n-a, which is very useful in 
deriving the reduction formula. 

Now, the connecting operator Cm — [Cm-ij] that was introduced in [2] is recalled. 
First, the connecting ordering matrix C„i = [Cm;.ij] , a different arrangement for 
S(m+i)x2(p) from Ym+i, is introduced. C„i = [C„„,j]p2xp'^ , where Cjn-ij is a 
pTO-i ^ p'"-! matrix of local patterns, is defined as follows. 

With fixed l<i,j < p^ for 1 < s,i < 
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(2.25) 



"0,1 


"1,1 






"0,0 


"1,0 




Umfi 



with i = '(/'(uo.cwoa), j = V'("m,o, ""m,!), s = ?A(ui^o, ""2,0, • ' • jWm-i.o) and t 

i>{ui,l,U2,l, ■ ■ ■ ,Um-l,l)- 

Now, Cm+i;i.j Can be obtained in terms of Cm;k,i as follows. 
Proposition 2.2. Let X2 = [a::i j]p2xp2 . For any to > 2 anrf 1 < «, j < p^, 



Cm 



■^2,1 l,j 
^i.p-\-l Cm;p-t-l,j 



2;i,2Cm;2,j 

Cm;p-f 2,j?' 



•^i,p^m\p.j 



(p-l) + lCm;p(p-l) + l j" 2;, p(p_i)4,2C,„;p(p-l)+2,. 



The matrix multiplication of Cm-ij and Cm-j,k cannot connect local patterns 
in the vertical direction. However, Sm-a,p does so. By changing the index of 
the ordering matrix — [Sjn-,a,i3]p^xp^ is defined by 



(2.26) 



Sm:a,/3 ^m;^{ai ,l3i) ,^{a2TP2) ^ 



where ak,(3k G Sp, 1 < fc < 2, satisfying a = 'ip{ai,a2) and (3 = tp^Pi, j32). Indeed, 
for 1 < s,t <p'"^\ 



"0,1 


"1,1 




"m,l 


"0,0 


"1,0 




"m,0 



with a i/'("o,o,'«m,o), /3 = V'(u oa, U m,i), s = i/'(wi,o, "2,0, • ' ' ,'"m-i,o) and i = 
'!/'(wi^i, 1*2,1, •■ • ,Um-i,i)- From (|2.27p . the matrix multiplication of and 
Sm;^,7 represents the vertical connection of the patterns on Z(m+i)x2- 

Now, given B C I]2x2(p), for ra > 2, the connecting operator Cm — [Cm;i,j\i<i j<p^ 
of Cm = [Cm;,,j] i<j,j"<p2 is defined as follows. For 1 < s, ^ < , 

f (Cm;i,j)s,t = 1 if (Cm;i,j)s,t is S-admissible, 
\ {Cra-i,j)s.t = otherwise. 

In the following, C2 can be obtained explicitly. For IHI2 = [/iij]p2xp2, define 



(2.28) 



J?2;l 

H2-P+1 



H2-P+2 



H2:p 



2-2p 



^2;p(p-l) + l -ff2;p(p-l)+2 



-f^2;p2 



where 
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H2-a — 



"•2, a 
'lp+2,a 



■ h 



2p,a 



^p(p-l) + l,Q ^p(p-l)+2,Q 



for 1 < a < p^. Then, for 1 < i,j <p^ 



(2.29) C2;.,j = V2;r O H2;j 

is a p X p zero-one matrix. By Propositfon l2.21 the connectmg operator Cm+i can 
also be obtained from Cm- For m > 2, C„i+i = [Cm+i;i,j]i<i.j<p^ satisfies 



(2.30) 

Cfn-\-l;i,j " 



^i,p4-2C*m;p+2,j 



hi,2pCfYi:2p,j 



1)4-1 ^m;p{p'-l)-\-l.,j l)+2^m;p(p— l)+2,j ' ' ' ^i,p^ ^rn^p^ ,j 

From (|2.26p . = [Sm-a,i3]p^xp^ is defined by 



(2.31) 



where < ai, a2, Pi, P2 < P ~ ^ such that a — '4'{ai, 0:2) and /3 — ip{Pi, ^2)- 

Now, the relation between W^j^i and is elucidated as follows. Since the 

sizes of -ffm^^„+i;a and ^mn-p ^^^^ different, the elementary pattern H^Tn',n+i-a *^a.n 
be reduced further as follows. 
Let 



(2.32) 

H. 

and 
(2.33) 



(fc) 

m,n+l;a 



h: 



(fe) 



m,n+l;cK:l 

(fe) 

m,n+l;a;p+l 



if. 



(fe) 

m,n+l;cK;2 



H. 



(fe) 

m,n+l;a;p+2 



(fe) 



H 



(fe) 



m, n+l;cK ;p(p— 1) + 1 m,?T,4-l;ct;p(p— 1)+2 



m,n+l;a;P — m.n+l:,a:,P J 



l<k<p" 



H. 



(fe) 

m,n+l;a;p 



(fe) 

m,n+l;a;2p 



H 



(fe) 

m,n-t-l;a;p^ 



As (|2.22p . the entry (^h'^^^^^.^.^^ can be verified to be the number of the set 

all (m+ 1) X (n+ 1) i3-admissible local patterns J7(m-M)x(n-i-i) = (Ms,t)o<s<m,,o<t<r 
with 



of 



(2.34) 



a = i/'(wo,o,Mm,o) 

/3 = '(/'(wo,i,'"m,i) and 
/C = 1p{uifi, U2,o, • • • , Mm-1,0) 



i = V'(m0,2, Uo,2, • • ■ , Uo,„) 

.7 = 1PiUm,2, Um,2, ' ' ' , Um,n)- 
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In the following proposition, Hm,n+i;a;P can be obtained as the product of Sm-c 
and H,n,n;i3 E]> i-e-, Sm-a,i3 reduces to H™. 

Proposition 2.3. For any m,n>2, 



(2.35) 

Furthermore, for n — I, let 



(2.36) 

then 
(2.37) 



(fe) 



^m,2;a;l 



^m,2;a;2 



H 



(fc) 



H 



(fe) 



.,2;q;p(p-1)-|-1 m,2;a;p{p-l)+2 



^m,2;Q;^ — 5Z ^^"^•"'■P^ k,l ' 
1=1 



fj{k) 

■m,2;a;p 

jjik) 



H 



(fe) 



Furthermore, for q >2, g-many Sm-a,p can reduce H™.^^ to H™ as follow. 
For any positive integer q > 2, the elementary patterns of H™^^ can be decom- 
posed by applying (|2.32p q times. Indeed, for q > 2 and 1 < r < q ~ 1, define 



H. 



(fe) 

(fe) 



jj{k) 



H. 



H 



(fe) 

m,n+q;fSi;li2\--- ;A-+i;p-|-2 



m,n-|-g;^i;/32;--- ;0r+i;p 
"-m,n+q-Pi;li2V ;^r+i;2p 



(fe) 



(fe) 



m,n+q-l3i-l32;--- ;/3^+i ;p(p- 1) + 1 -'^m,n-|-<;;/3i;/32;--- ;/3^+i ;p(p-l)+2 



• H 



(fe) 

m,n-f(j;^i;/32;--- ;/3r+i;p^ 



Therefore, for any g > 1, can be represented as a p'^^^ x p'^^^ matrix 



(2.38) 
where 



l+q — [Hm,n+q;i.j\pq+l -^pq+l — [-ffm,n-|-q;/3i;^2;--- 



rr _ jrik) 

n-m,n+q;l3i;P2;--- -.Pq+l — / , ^m.n+o-.d, 



fe=l 



is a X matrix. Notably, the relation between 1 < /3i,/32, • • • ,/3g-fi < P 

and 1 <i,j < is the same as (PTTi)) and (PTTS]) . Define 



As in Proposition 12.31 the elementary patterns of H™,^^ can be expressed as the 
product of g-many Sm;a,i3 and the elementary patterns of H™. 
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Proposition 2.4. For any m,n>2 and q>\, 

(2.39) H,n,n+q-lii-p2\--- ;/3<,+ i = Sm;l3iJ:)2Sm;P2.l33 ' ' ' '5'm;^,,,3,+ i-ffm,n;/3,+i , 

where I < Pi < , 1 < i < q + 1- Moreover, 



(2.40) i?m,„+q;^)i;/32;---;/3,+l - / , ('S'm;/3i ,fe ■^m;/32 ,fe 

fe,!=l 

Similarly, for V2, the connecting operators are denoted by Um — [Um;i,j\ (cor- 
responding to Cm = [Cm;i,j] for IHI2) and Wm = [VFm;a_/3] (corresponding to §m = 
\Sm;a.i3\ for IHI2). The arguments that hold for H„ are also valid for V„. 

3. EXTENDABILITY AND TOPOLOGICAL MIXING 

This section investigates extendability and mixing of S('B). 

It is clear that primitivity of EI„ and Vn for all n > 2 can be interpreted as 
topological mixing in horizontal and vertical directions respectively. In general, 
the relative position of lattices Ri and i?2 + v are not located horizontally or 
vertically. Accordingly, mixing in the directions other than horizontal and vertical 
directions need to be studied. To treat these situations, rectangle-extendability, 
corner-extendable conditions and crisscross-extendability are introduced. 

First, the rectangle-extendability of B is defined as follows. 

Definition 3.1. For B C T.2x2{p), B is called rectangle- extendable if for every 
pattern Umxn G ^mxniB), m,n > 2, there exists W G S(S) such that W |z„,x,i = 

Um X n • 

Previously, the importance of corners of lattices has been noticed [12l|44] . Indeed, 
in studying mixing properties, the concept of corner gluing was introduced by Boyle 
et al. [12j . Similarly, for studying rectangle-extendability and mixing, the corners 
of the rectangular lattice need to be studied closely. Indeed, let the L-shaped 
lattices Li = Zgxs \ {(2,2)}, U = 2,3x3 \ {(0,2)}, L3 = ^3x3 \ {(0,0)} and L4 = 
Z3x3\{(2,0)}, that is. 













L3 = 








L4 = 














L2 = 













































Figure 3.1. 

Definition 3.2. Let B C S2x2(?')- For 1 < i < 4, S satisfies corner- extendable 
condition C{i) if for any U G Tji,^{B), there exists U' G S3 x 3(6) such that U' {hi — 
U. 

Whether or not M.2{B) or Y2{B) contains a zero row or a zero column are very 
much different in studying mixing problem. We begin with the study when there 
is no zero row and column. We need the following notation. 

Definition 3.3. A matrix A = [aij]nxn is called compressible if contains a zero 
row or a zero column. A matrix is non-compressible if it is not compressible. An 
IHI2 ("or V2J is degenerated i/ i?2;c( (or V2-a) is compressible for some 1 < a < p^. 
An EI2 (orW2) is non- degenerated if it is not degenerated. 



l)fe,i-ff, 



(0 

m,n;;3,+i ' 
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First, consider the case for B C S2x2(p) when M2{B) and ¥2(6) are non- 
degenerated. 

Clearly, if both A and B are non-negative and non-compressible matrices, then 
AB is non-compressible. From ((2?T0|) . (pH]) . ((2?T3t and ((272T|) . the following result 
is easily obtained, and the similar result for V2 also holds. 

Proposition 3.4. // H2 is non-degenerated, then Hn-a fl'^s non-compressible for 
n > 2 and 1 < a < . In particular, ]HI„ is non- compressible for all n > 2. 
Moreover, Hm}n;oi are also non-compressible for m, n > 2, 1 < a < p'^ and 1 < k < 

p"'''\ 

The following lemma is easily proven and the proof is omitted. 

Lemma 3.5. Given B C S2x2(p)j if^niB) and V„(,B) are non-compressible for 
all n > 2, then B is rectangle- extendable. 

The non-degeneracy of W2{B) and V2(.B) implies rectangle-extendability and, 
moreover, three of the corner-extendable conditions, as follows. 

Theorem 3.6. Given B C S2x2(p); if^2iB) and ¥2(6) are non-degenerated, then 

(i) B is rectangle- extendable, 

(ii) B satisfies C(l), C(2) and C(4). 

Proof, (i) is obtained directly from Proposition 13.41 and Lemma 13.51 

(ii) Since M2{B) is non-degenerated. From (|2.2|) . for any mo,o, ui,Oi wo,i, G Sp, 
there exist a,b £ Sp such that 



"0,1 


a 


"0,0 


"1,0 



and 



b 


"1,1 


"0,0 


"1,0 



Figure 3.2. 

are in B, which implies that conditions C(l) and C(2) are satisfied. Similarly, that 
¥2(6) is non-degenerated implies that B satisfies conditions C(l) and C(4). 

The proof is complete. □ 

Now, is mixing follows from the non-degeneracy of M2{B) and ¥2(^6) and 

primitivity of H„ and V„, n > 2. 

Theorem 3.7. Given B C Y,2x2{p), if^2{B) andY2{B) are non-degenerated, then 
the following statements are equivalent. 

(i) Mn{B) and Yn{B) are primitive for all n > 2. 

(ii) S(S) is mixing. 

Proof. (i)=>(ii). Let i?i and R2 be finite sublatticcs of Z^. Then, there exist N >2 
and («!, ji),(i2, ^2) & such that Ri C '^NxN{{ii,ji))^ I ~ 1,2. From (i), there 
exists K > 1 such that M%{B) > and Y'^{B) > 0. 

Then, take M = M(i?i,i?2) = V^{2N K -2). Let v = (vi,W2) € I? with 
d(i?i,i?2 + v) > M and any two allowable patterns Ui G n/jj(S(i3)) and U2 € 
ni{2+v(S(^?)). Clearly, Ui and ?72 can be extended as U[ on lNy.N{{ii,ji)) and C/2 
on ZAfx7v((i2 + I'll J2 + W2)) by using the local patterns in B, respectively. 
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It is not difficult to prove that U[ and U2 can be connected as the L-shaped 
pattern Ul by using the local patterns in B, as follows. 



Ul 



N 



N 



Ul 



Figure 3.3. 

Notably, the L-shaped lattices may degenerate into rectangular lattices. 

Since M2{B) and Y2{B) are non-degenerated, by Theorem 13. 6[ B satisfies condi- 
tions C(l) and C(2). Then, Ul can be extended as Ur on the rectangular lattice by 
using the local patterns in B, which is obtained by filling the corner of the L-shaped 
lattices. 

From Theorem 13.61 ^ is rectangle-extendable. Then, Ur can be extended as 
W e with nR,(W) = Ul and IIr^+^{W) = U2. Therefore, Y.{B) is mixing. 

(ii)^(i). From Proposition 13. 4[ IHI„ and V„ are non-compressible for all n > 2. 
Then, for n > 2, any pattern in Y^ixnip) or J^nxiip) can be extended to by 
using the local patterns in B. It can be easily verified that (ii)^(i); the details are 
omitted. The proof is complete. 

□ 

Next, consider the case for B C S2x2(p) when M2{B) or ¥2(6) is degenerated. 
Theorems 13.61 and 13. 71 are to be generalized when B satisfies corner-extendable con- 
ditions and crisscross-extendability, which is introduced as follows. The crisscross 
lattice Z_|_ is defined by 



(3.1) Z+= U Z2x2((i,j)), 

o<|j|+|j|<i 

Indeed, 





































Figure 3.4. 

where O = (0, 0) is the origin of 7?. For B C S2x2(p), denote by 

E+(6) = I]z+(6). 

Later, the extendability oi B E B on will be reduced to study the extendability 
on Z+. First, the subset Be of B, which is the collection of all crisscross-extendable 
patterns in B, is introduced. 

Definition 3.8. For B C 'E2x2{p), Be = Bc{B) is the maximal subset of B such 
that if B E Be, there exists U+ G with U+ |z2x2— 

Clearly, Be can be obtained through the following finite processes. 
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Proposition 3.9. For B C I]2x2(p), 

(3.2) B, = B\{Mh{B)\JK{B)), 

where 



fe=i fe=i 



(3.3) Nh{B) = \ e B I Y,K^ = or Y,hj,k = 
and 

(3.4) U^{B) = I e S I = or fe = 

[ A;=l fe=l 

That the shift spaces S(/B) and S(Sc) are equal is proven as follows. 
Proposition 3.10. For B C T,2x2{p), 

(3.5) ^{B,) = S(6). 

/n particular, S(/Bc) is mixing if and only if Yi{B) is mixing. 

Proof. Clearly, Y.{Bc) C I](6). 

Suppose that Y.{Bc) ^ S(S). Then, there exists C/ e S(S) but U i ^(Bc), 
that is, U Iz2x2((i'j'))^ ('S\'Sc) for some (i',/) € Z^. Since U G S(S), from the 
definition of Be, we have U Iz2x2((i' j'))^ ■ This leads a contradiction. Thus, 

I](ee) 3 I](S). 

The proof is complete. □ 

The following notation is important in studying rectangle-extendability and mix- 
ing for S(S) when M2{B) or ¥2(6) is degenerated. 

Definition 3.11. A basic set B C ^2x2{p) is called crisscross-extendable ifBc{B) = 
B, that is, for every B ^ B, there exists C/+ G S]-|-(y8) with U+ |z2x2= ^■ 

When B C S2x2(p) is not crisscross-extendable, the maximal crisscross-extendable 
subset B* of B can be obtained as follows. Indeed, let Bo — B and S„ = Sc(S„_i) 
for all ri > 1. Clearly, Bn C Bn-i for all n > 1. We have that the size of M2{B) 
and V2 (B) is x p^. Define 

00 2p^ 

(3.6) 6*=6*(6)= f|S„= f|S„. 

From the construction of B* , by Proposition I3.10[ the following result can be ob- 
tained easily and the proof is omitted. 

Proposition 3.12. For B C S2x2(p), 

(i) B* is crisscross-extendable, 

(ii) I](6*) = I](6). 
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Therefore, ii B C S2x2(p) is not crisseross-extendable, then the discussion con- 
cerning rectangle-extendabihty and mixing of is the same as that of T,{B*). 
Hereafter, B C ^2x2{p) is always assumed to be crisscross-extendable when 112(6) 
or ¥2(6) is degenerated. 

Proposition 3.13. If B satisfies either C{1) andC{3) orC{2) andC{4:), then the 
following statements are equivalent. 

(i) B is rectangle- extendable. 

(ii) B is crisscross-extendable. 

Proof. Clearly, (i) implies (ii). 

(ii)=>(i). Assume that B satisfies C(l) and C(3). The case in which it satisfies 
C(2) and C(4) is similar. Let Umxn € '^mxn{B), m,n > 2. Since B satisfies 
C(l) and C(3), from (ii), Umxn can be extended in both positive and and negative 
vertical directions by using the local patterns in B, as follows. 



n -(- 2 



Figure 3.5. 

Similarly, the above pattern can be extended in both positive horizontal and nega- 
tive horizontal directions by using the local patterns in B. Therefore, by the above 
method, Umxn can be extended to by using the local patterns in B. The proof 
is complete. □ 

Theorem 13 . 71 can now be generalized. Indeed, the following theorem shows that 
primitivity and mixing are equivalent when B is crisscross-extendable and satisfies 
the corner-extendable conditions. 

Theorem 3.14. // 

(i) B C S2x2(p) is crisscross- extendable, 

(ii) B satisfies three of corner- extendable conditions C{i), f < « < 4, 

then IEII„(y8) and V„(S) are primitive for all n > 2 if and only if Y,{B) is mixing. 

Proof. (=>). From (ii), without loss of generality, assume that B satisfies conditions 
C(l), C(2) and C(3). 

Let Ri and i?2 be finite sublattices of 1? . Since B satisfies C(l) and C(2), as in 
the proof of Theorem l3.71 there exists M(i?i, i?2) > 1 such that for all v = (wi, W2) G 
1? with d{Ri,R2 -\- v) > M and any two allowable patterns Ui G Ilfi-^{J^{B)) and 
U2 G Ufi2^^{T,{B)), Ui and U2 can be extended as Ur on the rectangular lattice by 
using the local patterns in B. 

Since B is crisscross-extendable and satisfies conditions C(l) and C(3), by Propo- 
sition [3T3l B is rectangle-extendable. Then, Ur can be extended 'asWg '^{13) with 
Uii^iW) = Ui and IIr^+^{W) = U2. Therefore, E(6) is mixing. 

(<J=). From (i) and (ii), by Proposition l3.13( B is rectangle-extendable. Then, for 
n > 2, any pattern {B) can be extended to I? by using the local patterns 
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in B. Therefore, that is mixing imphes that IHI„(S) is primitive for all n>2. 

Similarly, Yn{B) is primitive for all n > 2. 

The proof is complete. □ 



The following example demonstrates that the corner-extendable conditions of 
Theorem 13.141 are crucial: if corner-extendable conditions fail, then crisscross- 
extendability (or rectangle-extendability) and primitivity may not imply mixing. 

Example 3.15. Let 



U2 


7/4 


Ml 


U3 



U4 > ui and ui,U2, u^, U4 G {0, 1} 



Clearly, 



1111 
1111 
10 1 
10 1 



From \2.10\) and h2.11\) . it can be verified that EI„ is non- compressible for all n > 2. 
Since V2 = IHI2, V„ is also non-compressible for all n > 2. By Lemma \3.5\ is 
rectangle- extendable. In particular, is crisscross- extendable. 

For n > 2, any two 1 x n local patterns Uixn — (Mo,i)o<i<n-i = {uj)o<j<n-i 
and C/{x„ = (uoj)o<j<n-i = (Uj)o<j<n-i, Uj,Uj € {0,1}, < j < n - I, can be 
connected in the horizontal direction by using the local patterns in as follows. 



"ll-l 


■"71-2 


"71-3 




111 


110 


"'71-1 




"71-3 


^77-4 




no 


"Ii-l 


"'77-2 
















"2 


UI 


110 




«4 




"2 


ui 


110 






"3 


u'2 




UQ 


"^-1 


"n-2 




u'2 




U'g 



Figure 3.6. 

Then, H;^ > for all n>2. Since V2 = H2, Nl = HJ^ > for all n>2. 

Let Ri= R2 = Z2X2. Consider Uq = {0}^' and Ui = Clearly, Uo, Ui £ 

T,{B.^/4), &«in_Ri(C/i) cannot connect withIlii2-\-(i,i)iUo) = ^^^^^^((i^i)) (C/q) by using 
the local patterns in K^/4 for all i > 2. Therefore, T,(Bt^/4) is not mixing. This 
claim does not contradict Theorem \3.14\ since Bt^/^ does not satisfy conditions C(2) 
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and C(4); neither 





























/4J 
























1 





can be extended to Z3X3 by using the local patterns in B.^/^. 

The following corollary follows directly from the proof of Theorem 13.141 and is 
useful for checking that is not mixing. 

Corollary 3.16. Given B C T,2x2ip), assume that B is rectangle- extendable. If 
there exists N > 2 such that ]HIjv(S) or Wn{B) is not primitive, then is not 

mixing. 

At the end of this section, we recall and compare various mixing properties which 
are described in the introduction. 

Definition 3.17. Suppose Yj is al? shift. 

(i) S has the uniform filling property (UFP) if a number M^E) > 1 exists such that 
for any two allowable patterns Ui G 11^^ (E) and U2 G H/f^ (S) with d{Ri, R2) > M , 
where Ri = Zmxn((*jj)); m,n > 1 and {i,j) G Z^, and R2 C iP' , there exists a 
global pattern W with \iR^{W) = Ui and \iR^[W) = U2- 

(ii) E is strongly irreducible if a number A/(S) > 1 exists such that for any two 
allowable patterns Ui G nflj(S) and U2 G ^^^{Y?) with (i(i?i,i?2) > M, where 
Ri C is finite and i?2 C Z^, there exists a global pattern W £ Y with Hr^ (W) — 
Ui andUR^iW) = U2. 

(iii) E is corner gluing if a number M(S) > 1 exists such that for any two al- 
lowable patterns Ui G IIj^j (E) and U2 G IIr.^{Y,) with (i(i?i,i?2) > M, where 
Ri = Z,„xri((«, j)), m,n > 1 and (ij) G Z^, and R2 = Zm^xniiii + m-miJ-\-n- 
ni))\Zm2xn2{{i + iTT- — iTT-2,j + n — n2)), mi > TO2 > m + M and Hi > n2> n-\-M, 
there exists a global pattern W € H with IIr-^{W) = Ui and 11^2(1^) = U2. 

(iv) S is block gluing if a number MCE) > 1 exists such that for any two allow- 
able patterns Ui G 11^^(2) and U2 G IlR^iE) with c?(i?i,i?2) > M, where Ri = 
Zmixni((«i, ji)) and R2 = Zm2xn2((«2,j2)), , 71; > 1 and {ii,ji) €l?,l & {1,2}, 
there exists a global pattern T4^ G S with T\r-^^{W) = Ui and 11^2(1^) = U2. 

(v) E has periodic specification if a number M(E) > 1 exists such that for any two 
allowable patterns Ui G YIr-^^{E) and U2 G Wr^C^) with c?(i?i,i?2) > M, where 
Ri,R2 C 1? are finite, there exists a periodic pattern W G Vm-xnC^), rn,n > 1, 
with IIr-^(W) = Ui and IlR^iW) = U2, where VrnxnC^) is the set of all periodic 
patterns in S with period m in horizontal direction and period n in vertical direction. 

Notably, (i)^(iv) are introduced in Boyle et al. [12 and (iv) is newly introduced. 

Remark 3.18. Boyle et al. |12j showed that the strong irreducibility for both Ri 
and i?2 are finite is equivalent to Ri is finite and R2 is arbitrary. Hence, it is clear 
that periodic specification implies strong irreducibility. By a similar argument as 
in Ward j54j in which E{B) with strong specification has dense periodic patterns, 
it can be shown that strong specification for E{B) implies periodic specification for 
E{B). Recently, Ceccherini-Silber stein and Coornaert [151 116j proved that strong 
specification is equivalent to strong irreducibility. Therefore, strong specification, 
periodic specification and strong irreducibility for S(S) are all equivalent. 
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As Theorem 13.141 it can be proven that iV-primitivity and block gluing are 
equivalent when B is rectangle-extendable. For brevity, the proof is omitted 

Theorem 3.19. If B d S2x2(p) is rectangle- extendable, then the following state- 
ments are equivalent. 

(i) there exists N > I such that EI„ and V„ are N -primitive for all n > 2 

(ii) is block gluing. 

4. Invariant diagonal cycles and primitive commutative cycles 

This section introduces invariant diagonal cycles and primitive commutative 
cycles to provide finitely checkable conditions for the primitivity of E1I„ or V„ for 
n > 2. For brevity, the discussion for H„ is more addressed. The discussion for V„ 
is similar to that for H„. 

4.1. Invariant diagonal cycles. This subsection introduces invariant diagonal 
cycles to provide finitely checkable conditions for the primitivity of EII„ or . 
First, the diagonal index set is defined by 

Vp = {i+j{p + l)\j eSp}. 

Clearly, i f /3i, /?2, • • • , l3q+i G Vp, then Hm,n+q;f3i-i32;--- ■,i3g+i lies on the diagonal of 

H;r+, in mB- 

Definition 4.1. 

(i) For q > 1, a finite sequence — (3i(32 ■ ■ ■ PqPi is called a diagonal cycle with 
length q if /3j € Vp for 1 < j < q. 

(ii) A diagonal cycle (3^ — /3i/32 • • • /3q/3i is called an S -invariant diagonal cycle of 
order (m, q) if there exist m > 2 and an invariant index set JC C {l, 2, • • • 

such that 

(4.1) ^ (<5'm;,3i,;32'5'm;/32,/33 ' ' ' -^mi^, ,/3i ) j, ^ > 1 
keIC 

for all I E )C. 

(iii) A diagonal cycle = /3i/32 • • • l^qPi is called a W -invariant diagonal cycle of 
order (m, q) if there exist m > 2 and an invariant index set K. C {l, 2, • • • 

such that 

(4.2) {Wm-h,hWm-h,P, ■ ■ ■ W^m;/3„/30fc,, > 1 

for all I Cz IC. 

Notably, it is easy to show that for any n > 1, 

(4.3) ^ ((5„ /3,,/3i)")j. , > 1 
keic 

for alH G /C if (14. ip holds. The case for M^-invariant diagonal cycles is similar. 

In the case of non-degeneracy, the following simpler sufficient condition for prim- 
itivity holds. The proof is postponed until after Theorem 14 . 1 2 1 which treats more 
general situation. 
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Theorem 4.2. Given B C E2x2(p), */ 

(i) M2{B) is non-degenerated, 

(ii) there exists an S -invariant diagonal cycle (3^ — • • • PqPi of order (fh, q) 
with its invariant index set JC, 

(iii) ^ n-/3 primitive for 2 < n < q + I, 

then H„ is primitive for all n > 2. Similarly, if 

(i) ' W2{B) is non-degenerated, 

(ii) ' there exists a W -invariant diagonal cycle (3^ = ;9i/?2 ■ • • PqPi of order {fh, q) 

with its invariant index set IC, 



(iii)' E^. 



(0 

m,n;^i 



is primitive for 2 < n < q + 1, 



then V„ is primitive for all n > 2. Furthermore, if (i)^ (iii) and (i)'^(iii)' hold, 
then is mixing. 



The following example illustrates the application of Theorem 14.2 
Example 4.3. Consider 

'10 1 

nil 

110 



Clearly, H2 is non-degenerated. From S2.30\) . 

10 



5*3:1,1 — C'3:l,l — 





1 
10 



Let = 11 and JC — {3, 4}. Since 

E (^3;l,l)fc, > 1 



keK 



for I <E K, P-^ is an S-invariant diagonal cycle of order (3,1) with index set IC. 
Clearly, 



2 1 
1 1 



'^^-^3%! ~ -ff2;l,2^^2;2,l-ff2;l,l + i?2;l,2^^2;22^^2;21 — 

is primitive. By using Theorem \4.S^ IHI„ is primitive for all n>2. Mixing ofYi{B) 
will he proven in Example \4-29\ 

To study the general cases, which includes degenerated case, more notation and 
lemmas are required. First, the crisscross lattice Z+ is decomposed into four rect- 
angular lattices: 



z+ = |Jr(«) 



where 



R(1)-Z3x2((0,0)), 
M(2) = Z2x3((0,0)), 



and 



K(3) =Z3x2((-l,0)), 
K(4) =Z2x3((0,-l)). 
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Definition 4.4. For I < i < 4, a basic set B C S2x2(p) is called R{i)- extendable 
if for any B eB, there exists U £ SR(i)(;B) such that U |z2x2= 

Clearly, a basic set B C S2x2(j5) is crisscross-extendable if and only if B is 
i?(i)-extendable for all 1 < i < 4. 

Let A = [a^ j]„xn be a non-negative matrix; the index set of non-zero rows of A 
and the index set of non-zero columns of A are denoted by 

(4.4) = |z I £a,,, >o| and c(A) - |j | £ a,,, > o| , 

respectively. From (j2.9p . it is easy to show that 

' B is i?(l)-extendable if and only if r{W2{B)) D c(H2(S)); 
, . I B is i?(2)-extendable if and only if r(V2(S)) D c(V2(S)); 

^ ' \ Sisi?(3)-extendableifandonlyifc(H2(6))Dr(H2(S)); 

B is i?(4)-extendable if and only if c(H2(S)) D r(H2(S)). 

Now, the following lemma is obtained. 
Lemma 4.5. Assume that B C S2x2(?') is R(2)- extendable. For n >2 and q > I, 

denote Mn+q = [-ffn+g;ij]p9+l xp<!+l and Wqj^l = [/lg+l:ij]p<j+lxp9+l. If hq^l-ij = 1, 

then Hn+q:i,j is not a zero matrix. 

Proof. Since B is _R(2)-extendable, any pattern in T,2x(q+i){B) can be extended to 
^2x(ri+ij) by using the local patterns in B. From (|2.17p . the result follows. □ 

In degenerated case, the weak non-degeneracy of IEll2(S) (or ¥2(^8)) is introduced 
and is useful in establishing the primitivity of IHI„(S) (or V„(,B)). 

Definition 4.6. Given B C Ti2^2{p), 'R2{B) ~ [H2-i j]pxp is weakly non- degenerated 

(i) when both i?2:iji o,nd -ff2;j.j2 '^'"^ not zero matrices, 1 < i,ji,j2 < P, 

r{H2-i^ji) = r(iJ2;jj2); 

(ii) w/ien 6ot/i i?2:iij O'^'^ H2;i2.j '^''"^ '^ot zero matrices, 1 < 11,121 J !^ 

C(i?2;»ij) = C(i?2;»2,i)- 

Weak non- degeneracy ofY2{B) is defined analogously. 

Clearly, if H2(S) (or V2(S)) is non-degenerated, then H2(S) (or V2(S)) is weakly 
non-degenerated. 

The following lemma can be proven straightforwardly from Lemma 14.51 and the 
proof is omitted. 

Lemma 4.7. Given B C E2x2(?'); if B is R{2) -extendable and M2{B) is weakly 
non-degenerated, then 

(i) when both H2s,ji '^"'^ -^2;j.j2 '^'"^ not zero matrices, 1 < J, Ji, J2 ^ P, 

f(i?«;iji) = riHn-i.j.^) for all n > 2; 

(ii) w/ien 6oi/i i?2:ii.j o^c' H2-i2,j are not zero matrices, 1 < ii,i2,j < 

c(-ff„;n,j) = c{Hn-i2j) for all n > 2. 
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In the following lemma, the corner-extendable conditions C{i) can be obtained 
from the i?(i)-extendability and weak non-degeneracy. 

Lemma 4.8. Given B C S2x2(p), assume IEll2(S) is weakly non-degenerated, then 

(i) if B is and R(2)- extendable, then B satisfies C(l); 

(ii) if B is R{2)- and R{3)- extendable, then B satisfies C(2). 
Similarly, assumed 2{B) is weakly non-degenerated, then 

(iii) if B is i?(l)- and R{2)- extendable, then B satisfies C(l); 

(iv) if B is i?(l)- and R{4)- extendable, then B satisfies C(4). 

Proof. For simplicity, only (i) is proven. The other are proven similarly. 

For any J7li = (■Wi,i)(i,j)6Li G let «i = ui,i -|- 1, ^2 = "2,1 + 1 and 

^3 — ui^2 + 1- The i?(2)-extendability of B implies that i?2;n,i2 is not a zero 
matrix. From the i?(l)-extendability of B, there exist 1 < 14, is < p such that 
(^^2;n,u)j3 — 1- Since H2(S) is weakly non-degenerated, there exists 1 < i% < p 



such that (-ff2;ii,i2) 



1, that is. 



«1,2 


a 




U2,l 



&13, 



where a = i^ — 1. Therefore, ?7li can be extended to Z^xa by using the local 
patterns in B, which implies B satisfies C(l). The proof is complete. 

□ 

For easily expressing the primitivity of compressible matrices, the following def- 
inition is introduced. 

Definition 4.9. If A ~ [ai,j]nxn is a matrix with aij G {0, 1}, the associated 
saturated matrix E{A) — [ei,j]nxn of A is defined by 



(4.6) 



Bij = if o-i.k = or X] O-k,] = 0, 
fc=i fe=i 

Bi = 1 otherwise. 



Clearly, given A = [ai.j]„xn with ai,j G {0, 1}, if there exists rtQ > 1 such 
that > E(A), then A is primitive (no-primitive); here, \i B — [6i.j]„xri and 
C = [ci,j]nxn are two matrices, B > C means bij > Cij for all 1 < i, j < n. 

For n > 2 and g > 0, as ((2321) . let 

Hn+g = [Hn+q;i, j]pq+iy^pq+i — [-ffri+g;^i ;/32 ;■ ■ ■ ;/3<j+i ] • 

For convenience, E(H„-|_g) is denoted by 

(4-7) E(H„+,) ^ [En+q:i,j]pg+lxp<,+i = [-E„-|-g;/3i ;/32 ; ■ ■ ■ ;/3,+i ] ■ 

From (|2.20p . it is easy to verify that 



(4.8) 



E(H„+g) < (E(H,+i)) 



'pixpi ^ [En;i',j']pxp 



Lemmas 14.71 and 14.81 yield the following lemma. 



VERIFICATION OF MIXING PROPERTIES IN TWO-DIMENSIONAL SHIFTS OF FINITE TYHB 



Lemma 4.10. Given B C S2x2(p), for n > 2, let Mn{B) = [Hn:ij]pxp arid 
E(]HI„) = [En;i.j]pxp- Assume that B is R{q)- extendable, q G {1,2,3}, andM2{B) is 
weakly non-degenerated. Then, for n >2 and 1 < ii,i2,i3 < p, 

(4-9) -^n;ii ,22 -^^;«2 ,«3 — -^n;zi,Z3 

when -ff2;ii,i2 '^oi a zero matrix; 

(4.10) -^n;2i ,22 -^^i;*2 ,^3 — -^22;2i,23 

when i/2;22,23 '"^ot a zero matrix. 

Proof. By Lemma l¥751 we have that B satisfies C(l) and C(2). 

From the i?(l)-extendabihty of B and C(l), for n > 2, every pattern (72xn S 
S2xn('B) can be extended to Zsxn by using the local patterns in B. Therefore, by 
Lemma l¥77l it can be verified that (|4.9p holds; the details of the proof are omitted. 
Similarly, (|4.10p can be shown to hold. 

□ 

We also need following notation in proving the theorem for the primitivity of 
H„. 

Definition 4.11. Let M ~ [A/,j.j]^^j^, where Mij is an M x M non-negative 
matrix for 1 < i,j < N. The indicator matrix A(M) = [mij]NxN o/ M is defined 
by 

niij = 1 if \M^j\ > 0, 
niij — otherwise, 
where \Mij\ is the sum of all entries in Mij. 

The following theorem provides a sufficient condition for the primitivity of M„ 
when H2 is weakly non-degenerated with some i?(?)-extendability. 

Theorem 4.12. Given B C i;2x2(p), */ 

(i) IHl2(S) is weakly non-degenerated, 

(ii) B is R{i) -extendable, i e {1,2,3}, 

(iii) there exists an S -invariant diagonal cycle (3^ = /3i/32 ■ • • of order (in, q) 
with its invariant index set IC, 

(iv) for 2 < n < q -\- 1, there exists a = a{n) > 1 such that 



\ieic / 



(v) H„ is primitive for 2 < n < q -\- 1, 
then H„ is primitive for all n > 2. 

Proof. The result that IE1I„ is primitive for 71 > 2 is proven by induction, as follows. 
For s > 0, the statement P{s) means that ]HI„ is primitive for sq-\-2 < n < (s-l-l)g-l-l. 

From (v), P(0) is true. Assume that P{t) follows for some t > 0, that is, ]HI„ is 
primitive for tg + 2 < rt < (t + l)g + 1. 

For {t+l)q + 2 <n< (t-\-2)q+l, let n ^ (t -\- l)q -\- r, where 2 < r < g-^l. Let 
N = {t+l)q+ 1, define = ^(^+1),- = {^1^2 ■ ■ ■ kY^' Pi- From (g^, ^^.^ is 

an S'-invariant diagonal cycle of order {fh,N — 1) with invariant index set /C. 
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From (|2.38|), le t H„ = [i7„:i„,j„]pjvxpiv and H™ = [^^m,n;ijv,ijv]p" xp" for m > 1. 
Then, from ^2^, 



EpN-ly.pN-1 



By Lemma 14.51 Hjv is the indicative matrix of IHI„ = [Hn-^ii^jfj]- By the assump- 
tion for Mm is primitive; then suppose > E(ElAr) for some m' > 1. 
Therefore, for any 1 < iN,jN < with (E(IHlAr))j^ ^-^ = 1, there exist 1 < 
h{iNjN),h{iNjN),--- Jm'iiNjN) < p such that 



H, 



where Hr-i is not a zero matrix for all < 9 < ^ 1- 
From (|Tin)) . 



m,n;/3„_i 



m,«;/3i;/32;---;/9<?;---;/3i;/32;- ;/3j;/3i 



times 



(('S'm;/3i,,32'5'm;;32,^3 ' ' ' '^™;^, ,/3l )*^^ ) -^l^r;^! 



fe,Z=l 



771 



(0 



Notably, H,^^^.^^_^ is on the diagonal of H;^; then let i?^j,„;fc,fc = H^^^.^^^^ for 
some 1 < fc < p^. Hence, form (iv), H-^ ,^.^^^^ > E^.p^. Since /3i € Pp, iJ^;^! = 
Er-k',k' for some 1 < fc' < p. 

Let iV = am + 2m' and = [-ffjv,n;j„,j„]pivxpjv For 1 < iAr,jAr < with 
(E(H^))^^^^.^ - 1, from gU and dHOl), 

rr_ ^ fT - TT - - J-f 

> ^r-MiN,k),l^>{k,3N)- 



Hence, from (|48|) . 



-EpJV-lxpJV-l 



[i?.;.,,]pxp >E(H 



Then, H„ is primitive for {t + l)q + 2<n< {t + 2)q+l, that is, P[t + 1) holds. 

Therefore, P{s) is true for all s > 0, implying that H„ is primitive for all n > 2. 
The proof is complete. 

□ 



Now, the proof of Theorem 14.21 is given as follows 



Proof of Theorem From (|2.4[) . (j2.5p and (14. 5p . clearly, S is i?(i)-extendable for 
i G {1,2,3}. From (iii), by Proposition 13.41 it can be verified that IHI„ is primitive 
for 2 < n < g-l- 1 and the detail is omitted for brevity. Therefore, by Theorem l4.121 
IHI„ is primitive for all n > 2. □ 
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For 71 > 2, let V„(6) = [V„-»]i<a<p^ and E(V„) = [E'^.Ji<a<p2 . Like Theorem 
14.121 the foUowing theorem provides a sufficient condition for the primitivity of V„ . 

Theorem 4.13. Given B C Y,2x2{p), if 

(i) Y2{B) is weakly non- degenerated, 

(ii) B is R(i)- extendable, i G {1,2,4}, 

(iii) there exists a W -invariant diagonal cycle fiq ~ P1P2 ' • • PqPi of order {m, q) 
with its invariant index set JC, 

(iv) for 2 < n < q + 1, there exists b — b{n) > 1 such that 



(v) V„ is primitive for 2 < n < q + 1, 
then V„ is primitive for all n > 2. 

In viewing the primitive properties in Theorem 14.121 and Theorem l4.131 we intro- 
duce the H[l)- and V^(l)-primitive conditions for B has invariant diagonal cycles 
as follows. Later, H{2)- and y(2)-primitive conditions are introduced for B has 
primitive commutative cycles; see Definition 14.261 

Definition 4.14. Let 6 C S2x2b)• 
(i) B satisfies H{1) -primitive condition if the conditions (iii)^(v) of Theorem \4-l^ 
are satisfied. 

(ii) B satisfies V{1) -primitive condition if the condition (iii)^(v) of Theorem \4-13\ 
are satisfied. 

Remark 4.15. From the proof of Theorem \4.^ if^2{B) is non- degenerated and 
the conditions (ii)^(iii) of Theorem \4-2\ are satisfied, then B satisfies the H[\)- 
primitive condition. A similar result holds when Y2{B) is non-degenerated. 

From Lemma l4!8l and Theorems 13.141 14.121 andl 4. 131 rnixing of follows. 

Theorem 4.16. Given S C S2x2(p), */ 

(i) M2{B) and Y2{B) are weakly non-degenerated, 

(ii) B is crisscross-extendable, 

(iii) B satisfies H{1)- and V{1) -primitive conditions, 
then S(i3) is mixing. 

The following well-known examples illustrate Theorem 14.161 The first example 
is the Golden-Mean shift (or the hard square model). 

Example 4.17. The rule of the Golden-Mean shift S(Sg), Bq C 112x2(2), is that 
there is no two 1 's next to each other in horizontal or vertical direction. From i2.3\} . 




H2(6g) 



1110 
10 10 
110 




H2a,l H2:l,2 
H2;2,l H2-2,2 



and 
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E2(H2) = 



1110 
1110 
1110 




£'2;l,l £^2;1,2 
£■2:2,1 -B2;2,2 



Clearly, Y2{Bc) =IHI2('Bg)- From Bq is crisscross-extendable. ThatM2{BG) 

and ¥2(^0) are weakly non- degenerated are easily seen. 
Now, 



1 1 
1 



Then, 13^ — 11 is an S-invariant diagonal cycle of order (2, 1) with index set K. 
{1,2}. Clearly, 



5Z"^2!2;l ~ ^2;l,l-ff2;l,l + ^^2;!, 2^2:2, 1 



l&K 



> -£-2:1,1 = -E2;l- 



Since 



> E(H2), IHI2 is primitive. Therefore, Bq satisfies the H{1) -primitive 



condition. 

Since V2 — H2, Bg also satisfies V{1) -primitive condition. Hence, by Theorem 
\4-16[ the Golden- Mean shift Y.{Bg) is mixing. In fact, that the Golden-Mean shift 
has strong specification will be shown in Examvle \5.b\ 

The next example concerns the three-coloring of the square lattice, which is 
closely related to the six- vertex ice model in statistical physics , see also Example 
16.71 of this paper. 

Example 4.18. The three- coloring of the square lattice is the coloring of the square 
lattice 1? with three colors such that no two adjacent vertices have the same color. 

Let Bt C S2x2(3) be the basic set of the three- colouring of the square lattice. We 
have that 



i{Bt) 



' 























" 











1 





1 


1 

















1 








1 


1 








1 


1 














1 



































1 














1 


1 








1 


1 








1 

















1 


1 





1 







































H2a,l H2-l,2 H2-l,3 
-^2:2,1 H2:2,2 H2-2,3 
£^2:3,1 H2-3,2 -^2:3, 3 



Clearly, V2 = EI2. It is easy to verify that Bt is crisscross-extendable and H2 
is weakly non-degenerated. We have that 



V2 



'5*2:1,1 



C2:2 





1 1 
1 



and S- 



2-5,1 



C2A 



1 1 

1 
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Since S'2;i,5'5'2;5,i 



. /?2 = 151 is an S -invariant diagonal cycle of 




2 1 
1 1 

order (2,2) with its invariant index set K, — {2,3}. 

That the conditions (iv) and (v) of Theorem \4.12\ are satisfied can he checked 
straightforwardly; the details are omitted for brevity. Hence, Bt satisfies the H{1)- 
primitive condition. Since V2 — IHI2, Bt satisfies the V{1) -primitive condition. 
Therefore, by Theorem \4-l(>] '^{Bt) is mixing. It can be proved that T,(Bt) does 
not have strong specification; the detail is omitted. 

4.2. Primitive commutative cycles. This subsection introduces primitive com- 
mutative cycles in order to obtain another finitely checkable sufficient condition for 
the primitivity of IH[„ or V„ when invariant diagonal cycles are unavailable. 

For q, q' > 1, let Iq = i\i2 ■ ■ ■ iqi\ and Jq' = ji j2 ■ ■ ■ jq'ji are two cycles, where 
ik^ji e {1, 2, • • • ,p} for 1 < fc < q and 1 < / < g'. 

Definition 4.19. If ji = ii, let {IqJq') = iii2 ■ ■ ■ iqiij2 ■ ■ ■ jq'ii and (Jq>Iq) = 
iij2 ■ ■ ■ jq'iii2 ■ ■ ■ iqii- The pair [IqJqi) and (Jqilq) is called a commutative cycle 
pair. 

Given a commutative cycle pair (IqJq>) and (Jqilq), denote the index of {IqJq') 
and {Jq'Iq) by {m,a; K, L) , where 



(4.11 



m ^ q + q 

a — ip{ii — 1, ii — 1) 

K = 1p{i2 - 1, - • • ,ig - l,il - 1,J2 - 1, - • • ,jq' - 1) 
L = V-'(j2 - 1, • • • , jq' - 1,«1 - 1,^2 - 1, - • • ,iq- 1). 

From (I2.2ip . it is easy to check that 



(4.12) 



Moreover, the number a is a member of the diagonal index set T>p, and then IIm,n;a 
lies on the diagonal of H™ . 

Definition 4.20. A commutative cycle pair (IqJqr) and {Jq'Iq) with index (to, a; K, L) 
is called an H -primitive commutative cycle pair if there exists N > 1 such that 



(4-13) etther (h^^I^Y > £2-,^ or (^^U) > ^2;a. 

A V-primitive commutative cycle pair is similarly specified, and the details are 
omitted. 

The following theorem provides a sufficient condition for the primitivity of IH[„ 
when III2 is weakly non-degenerated. 

Theorem 4.21. Given B C Y,2x2{p), if 

(i) IHI2 is weakly non- degenerated, 

(ii) B is R{i)- extendable, i £ {1,2,3}, 

(iii) there exists an H -primitive commutative cycle pair (IqJqi) and {Jqilq) with 

index {m,a; K, L) such that {Sm;a,a)K,L — 1 or (Sm;a,a)L,K — 1, 
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(iv) EII2 is primitive, 
then is primitive for all n > 2. 

Proof. By Lemma B satisfies C(l) and C(2). Suppose [Sm-a,a)K.L = 1- The 
case for {Sm-a.a)L,K = 1 is similar. From (i) and (ii), by Lemma [4.101 (|4.9p and 
(OU)) follow^ ^ 

First, we show that for n > 2, there exists N{n) > 1 such that 



(4.14) 



N{n) 



N{n) 



> En-a and ^^^m,n;a^ 

by induction. From (li^l) . (|4.10p and (|4.13l) . it is clear that (|4.14l) holds for n = 2. 

m,2;a L'"i,JJpxp 



Assume that the case for n = t is true, t > 2. Let h'^J^I ^ = \h* A 



m,2;a;a 



l<.cx<.p^ 



from f|2.37p . it is clear that 



1=1 

for all l<ij<p. Let A (i/i'ys-a) be the indicator matrix of hI^}.^^ = [Kj]p^p- 



Since 



N{2) 



> Eo-n. we have 



H. 



N{2) 



Let H. 



7n,t-\-l:a:i,j 



pxp 



H 



m , 2 ; a 



(^) 



, by Proposition 



l<a<p^ 

_ „{K) _ \^ (a \ H-W 

^m,t+l;a;i,j ~ ^m,t+l;a;a ~ \'-'m:a,a ) K ,lJ^m,t:a 

1=1 

for all 1 < i,j < P- Since B is i?(2)-cxtendable and satisfies condition C(l), for 
TO > 2, every pattern Umx2 G I]mx2(^) can be extended to ^mxs by using the 
local patterns in B. Thus, if {Sm:a,a)K,i = 1, then H^f.^ is not a zero matrix for 
1 < a < p^ and 1 < I < p™^^. Hence, A (^-ff^f^^.g^ is also the indicator matrix of 



(K) 

m,i+l;Q 



(K) 



pxp 



Since iSm-A,a)K.L = 1 and > Et-s., {H^Ii+i-a-aY^'^ > Et-c.- No- 

tably, -ffi^tVi;a;a lies On the diagonal of i?^ftVi;a- N' = N(t) + 2N(2). Since 
A (^Sa))"^^'^ ^ ^2;a and (ff^f,Vi;a;a) "^^^^ > from m^lIM: 



N' 



> {E2;a)p^pO 
N' + l 



> Et+l;a- 



From (1121) and (|i?TUl) . (i?^i+i;a) > ^^t+i;a- Hence, the case for n = i -I- 1 
holds. Indeed, N{t + 1) = N' + 1. Therefore, (|4lll) follows. 

Now, we want to show that ]HI„ is primitive for all n > 2. First, the case for 
n — 2 directly follows from (iv). 
For n > 3, from !^?M . 



K - [Hn-i,j]p2.^p2 - (Er2)p2xp2 O Epy^p (g) [Hn-l-a]i^a 



<p2 
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From (ii), by Lemma [4.51 if (^2)^ ^ = 1, Hn-ij is not a zero matrix. Hence, IHI2 
is the indicator matrix of H„ = [-ffn:ij']p2xp2- 

Let H™ = [H,n'n;i,j]p2y,p2 = [^^m,n;0i ;;32 ] • SinCC {S,n;a,a)K,L = 1, 



Hm,n;a;a — ^ ] ('S'm;Q!;a)fc,;-ff„i,n-l;a — ^m,n-l;a- 



k,l=l 



From (|4.14p . clearly, ) > En^i-a- Notably, Hm ,n:a:a is On the 

diagonal of H™. Therefore, from (iv) and (|4.8|) ^ (|4.10p . it can be verified that there 
exists N > 1 such that 



> (E( 



'pxp 



'n — l;i.j 



pxp 



> E(H„). 



Therefore, ]HI„ is primitive for all n > 2. The proof is complete. 



□ 



Similarly, the following theorem provides a sufficient condition for the primitivity 
of V„, and the proof is omitted. 

Theorem 4.22. Given B C S2x2(p), if 

(i) V2 is weakly non-degenerated, 

(ii) B is R{i) -extendable, i G {1,2,4}, 

(iii) there exists a V -primitive commutative cycle pair (IqJqi) and {Jq>Iq) with 
index {m,a; K, L) such that {Wm-a,a)K,L = 1 or iWm;a.a)L,K = 1, 

(iv) V2 is primitive, 

then V„ is primitive for all n > 2. 

Remark 4.23. In practice, to find an invariant diagonal cycle is easier than to 
find a primitive commutative cycle pair. However, it may be more convenient to 
verify primitivity of IHI„ or V„ by using the method of primitive commutative cycle 
pair; see Example \4-24\ and \4-.23\ 



The following example illustrates Theorem 14.211 
Example 4.24. Consider 



' 





1 

















1 " 





























1 





1 











1 








1 



























































1 




















1 








1 














1 



































1 








1 


1 









Clearly, W2 is weakly non- degenerated. It can be verified that B is R{i)- extendable, 
i G {1,2,3}. We also have that H2 is primitive. 

Let I3 = 1311 and J4 = 13331; the following is easily computed. 



H. 



(513) _ 



-ff2;l,3^^2;34-ff2;l, l-f^2;l, 3^^2:3, 3^^2;3,3-ff2;3,l — 



1 1 



1 
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and 



^7,2:1 ~ ^2:1, 3-f^2;3, 3-^2:3, 3^2:3, l-f^2;l, 3-^2:3, 1-^2;!, 1 






1 









1 



1 



We have that 



E2;l — £'2;1,1 



1 1 



1 1 



Then, 




>E2a and (i?^^2°?)^ 



'2:1- 



Hence, (/3J4) and (J4/3) is an H -primitive commutative cycle pair with index 
(7,1; 513, 709). Moreover, 



As Theoreni l4.21 Theorein l4. 2 1 l ean be made simpler when M2{B) is non-degenerated. 
The proof is similar to tliat of Theorem 14.21 and is omitted here. The result for V2 
is also valid. 

Theorem 4.25. Given B C T,2^2{p), if 

(i) H2 is non-degenerated, 

(ii) there exists an H -primitive commutative cycle pair (IqJqi) and {Jqilq) with 

index {m,a\K,L) such that {Sm:a,a)K,L = I or {Sm-a,a)L,K = I7 

then H.fi is primitive for all n > 2. 

As the primitive conditions in Definition 4.14 for invariant diagonal cycles, the 
primitive conditions for primitive commutative cycles in Theorem 14.211 and 14 . 2 21 are 
introduced as follows. 

Definition 4.26. Let B C Y.2x2{p)- 

(i) B satisfies H {2) -primitive condition if the conditions (Hi) and (iv) of Theorem 
\4.21\ are satisfied. 

(ii) B satisfies V {2) -primitive condition if the conditions (Hi) and (iv) of Theorem 
\4-2S\ are satisfied. 

Remark 4.27. IfIl2{B) is non-degenerated and condition (ii) of Theorem \4-.25\ is 
satisfied, then B satisfies the H {2) -primitive condition. A similar result holds when 
Y2{B) is non-degenerated. 

Since it may happen that H (or V) has invariant diagonal cycle and V (or M) 
has primitive commutative cycles. Therefore, combining the primitive conditions 
for invariant diagonal cycles and primitive commutative cycles, Theorem 14.161 is 
generalized, yielding a finitely checkable condition for mixing of S(S). 

Theorem 4.28. Given B C ^2x2{p), if 

(i) IHl2(yS) and Y2{B) are weakly non-degenerated, 

(ii) B is crisscross-extendable, 

(iii) B satisfies H(i)- and V{j) -primitive conditions for some i,j £ {1,2}, 



('^7;l,l)5i3_7og 



Therefore, by Theorem \4-.21\ ]H[„ is primitive for all n>2. 
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then is mixing. 

Notably, when both M2{B) and ¥2(6) are non-degenerated, the condition (ii) of 
Theorem 14.281 automatically holds. 

The following example illustrates the application of Theorem 14.281 



Example 4.29. (continued) 
In Example \4-.S\ 



10 11 
110 
10 1 
110 



Clearly, Y2{B) is non-degenerated. 
Let h = 211212 and J2 = 222. That 



^7 2-4 — ^2;2, 1^2;!, lV2;l, 2^212, lV2;l, 2^212, 2^212, 2 



(51) _ 



V2;2,2V2;2,2V2;2aV2;l,lV2;l,2V2;2,l V2;l,2 



are primitive can be easily verified. Hence, (/5J2) and (J2/5) form a V -primitive 
commutative cycle pair with index (7,4; 12,51). Moreover, 

(W^7;4,4)i2,51 = 1- 

Therefore, B satisfies the V (2) -primitive condition. 

From the result in Example \4.3\ B satisfies the H{\) -primitive condition. There- 
fore, by Theorem \4-.28\ T,(B) is mixing. 

The following example demonstrates that the weakly non-degenerated condition 
is crucial in order to have topological mixing. 

Example 4.30. (continued) In Example \3.15\ clearly, H2(/B^/4) = Y2{B-,!/4) is not 
weakly non-degenerated. From \2.29\) . 

S2-IA = C2-1A = 



1 




Hence, (3i = 11 is an S -invariant diagonal cycle of order (2, 1) with index set 
JC = {1}, and 



H. 



(1) 

2,2;1 



H2:1aH2-1,1 



2 2 

2 2 



is primitive. Therefore, B.^/4 satisfies the H (I) -primitive condition. SinceM.2{Bj^f4) = 
V2(/B7r/4), B^/4 also satisfies the V{1) -primitive condition. 

From Example \3.15i Bt^/4 is crisscross-extendable. Thus, 6^/4 satisfies condi- 
tions (ii) and (Hi) of Theorem \4.28\ However, £(187^/4) is not mixing. Therefore, 
the importance of the weakly non-degenerated condition is established. 

Remark 4.31. When invariant diagonal cycles and primitive commutative cycles 
are unavailable, some examples can also be shown to be mixing. 
For example, consider 
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U2 


M4 


Ml 


■"3 



U2 + U3 + U4 ~ {mod 2) and wi, U2, "3, U4 S {0, 1} 



This shift space is related to the shift space 'E,{Bl) that is given by 

= J : ui + U2 + W3 = {mod 2) and wi, U2, U3, U4 € {0, 1} 



which was first investigated by Ledrappier '35' w/io showed that T,{Bl) was mixing 
with zero entropy. Clearly, 



12{B'l)=N2{B'l) = 



10 1 
110 
10 1 
110 



is non-degenerated. H„ = V„ can be shown to be primitive for all n > 2. Then, 
Yl{B'j^) is mixing. 

A systematic method for solving this type of problem is being developed. 

Remark 4.32. For studying mixing problem, the ideas in this work can be applied 
to higher- dimensional shifts of finite type; see [51 131]. 



5. Strong specification 

This section introduces the k hole-fiUing condition as in Step (5) in the 
introduction, and provides finitely checkable conditions for the strong specification 
of 

First, forMjA^ > 1 and«,j G Z, the rectangularly annular lattice ^jv,/xiV:d((*, i)) 
with hole Zji/xAr((i, j)) and width d (called the annular lattice for short) is defined 

by 



(5.1) AMxN-Ai^^j)) = ^(M+2d)x(JV+2d)((« -d,j - d)) \ ZMxAr((i, j))- 

In particular. 



(5.2) AMxN-Aihj)) = AMxN{{i,j)) and ^mxw = ^AfxJV;2((0, 0)). 

Hole-filling condition is defined as follows. 

Definition 5.1. For B C ^2x2{p) o.nd k > 2, B satisfies k hole-filling ({HFC)k) 
with size {M,N), M,N> 2k-3, if for anyU G ^A^M+.^,,,.,.+.-2.y.Mk-2,k-2)){B), 



there exists U' € '^ii^M+ii^(N+i)({-2-2)){B) such that U' \a„ 
particular, {HFC)2 is also called hole-filling condition (HFC). 



U 



In 
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ivj 
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' 1 k 




























\ 







-4(M+4-2fe)x(JV+4-2ft);ft((fc ~ 2, k ~ 2)) 



Figure 5.1. 



(HFC)fc can be expressed in terms of the horizontal transition matrices M„ and 
the connecting operators Sm:a,p and Wm;a.p- Therefore, the condition can be easily 
checked, especially using computer programs. The following theorem presents only 
the case in which B satisfies hole-filling; for brevity, the general case in which B 
satisfies (HFC)fc, fc > 2, is presented in Theorem lA.il 

Theorem 5.2. Given B C S2x2(p), for M,N > 1, B satisfies HFC with size 
(Af, N) if and only if for l<i,j < p"^ and I < ai < p'^ , 1 < I < N + A, if 

k=l ' k=l ■" 

pN + 4 plV + 4 

(iii) E (HAr+4)fe,, > 1, (iv) E (]aiV+4)t,fe > 1, 

fc=l k=l 



where 



(5.3) 



s = tp a2,i, • • • ,aN+4:,i) and t ^ tp (ai,2, ^2,2, • • • , aN+4,2) , 
Q;;_2 € Sp such that ip ai^2) — C(i,l<l<N + A, 



then 



(5.4) ('S'A/-(-l;Q2,a3'5'M-|-l;a3,a4, ■ • ■ , SM+l;aN+2,aN+3) ^ 1- 

Proof. For 1 < i, j < p*^, choose ii,ji € Sp, 1 < I < M, such that i = ip {ii,i2, ■ ■ ■ : hi) 
and j = Ip {ji,j2, ■ ■ ■ , Jm)- Let iVi = -I- 3 and 7V2 = + 4. Clearly, conditions 
(i), (ii), (iii) and (iv) imply that the empty places in the patterns Ub, Ut, Ui and 
Ur can can be filled with some colors in iSp, such that the patterns Uh, Ut, Ui and 
Ur are S-admissible, respectively. Furthermore, the following annular pattern is 
S-admissible. 
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Ut 



Ui 





1N2,1 








>2 








jl 














\ 
















V 
















M 












02,1 


ii 






a2,2 




1 1 










"1,2 





Ub 

Figure 5.2. 

Therefore, by the construction of connecting operators, ()5.4p is equivalent to the 
hole- fining condition with size {M,N). The proof is complete. □ 

Before showing the main theorem, the following notation is needed.. 

Definition 5.3. For k > 2, B d S2x2(p) is called k crisscross- extendable if 
r(Hfe(S)) ^ c(Hfe(S)) andr{YkiB)) = c(Vfe(S)). In particular, 2 crisscross- 
extendability is the crisscross-extendability. 

In the following, the k crisscross-extendability, (HFC)^ and primitivity of Hfc 
and Vfe are shown to provide sufficient conditions for strong specification of 
Since all conditions are finitely checkable, the theorem provides a finitely checkable 
sufficient condition for the strong specification of 

Theorem 5.4. Given B C Yi2x2ip), if there exists k >2 such that 

(i) B is k crisscross-extendable, 

(ii) B satisfies {HFC)k with size (Af, N) for some M, iV > 2fc - 3, 

(iii) Hfe is {M — 2k -\- 5) -primitive and Vfe is {N — 2k + 5) -primitive, 

then has strong specification. 

Proof Let M' = M - k -\- A and N' = N - k -\- A. First, define the lattice hg-k = 
Lg;fc(M, N), which is like the grid on a checkerboard with line width k and (M -|- 
4 - 2fc) X (A^ + 4 - 2k) blank spaces, as 

= U A(^M+4-2k)x{N+4-2kyAi^M' + k-2,jN' + k- 2)). 

Denote the lattice of blank spaces on the checkerboard by 
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(0,0) 



(a) The shadowed lattice is l^g-s- 
for M ^ N ^4. 



(b) The white lattice is h^-^. 
tor M = N = 4. 



Figure 5.3. 



For i,j e Z, define 

= Lfe;M,jv(«,j) - ^M'xN' {{iM' ~ 2,jN' - 2)) 
1(1, j) = U-M,N{i,j} = Z(M+4)x(iv+4) {{iM' - 2,jN' - 2)) 



L3;4,4(«,j) 



L3;4,4(i, j) 



(5i - 2, 5j - 2) 



(5j - 2, 5j - 2) 



Figure 5.4. The lattices L3;4^4(z,j) and L3;4^4(z,j). 

Clearly, t{i,j) D L(i, j) and L(n, ji) nL(i2, ^2) - if ^ {i2,j2). Then, 

lattice can be decomposed into disjoint sublattices: 

z2= |Jl(*,j). 

Take 
(5.5) 

Let i?i,i?2 C Z2 with d(i?i,i?2) > d- For any t/; = UbAWi) with VT; e S(S), 
/ = 1,2, let 

Ri= U ^^(*''^") 

(i',j')GZ2x2((i-lj-l)) 

for I = 1,2. Hence, Ui can be extended as U[ — Uji'{Wi), 1 — 1,2. Clearly, for 
/ = 1,2, 
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(5.6) if (i, j) e Ru then '^(2k+i)x{2k+i){{i - k,j - k)) C R[. 

From (|5.5p . it can be verified that it never occurs both L(i, j) p| i?']^ ^ and 
L(*,i)n^2^0foi-all (z,j)gZ2. 

Now, from conditions (i) and (iii), there exists a S-admissiblc pattern U" on 

U ^2 U Lg;fe such that [/" |k;= z = 1, 2. Clearly, \ {R[ IJ ^2 U ^c) is the 
union of the discrete [M + 4 — 2k) x (A^ + 4 — 2k) rectangular lattices. 

Hence, from (15. 6p and condition (ii), there exists W G such that W |i?.= ?7i 
for z = 1, 2. Notably, in general, 1^;' y y^e is not equal to U" since condition 
(ii) may change the colors on the boundary of i?ilJi?2Ul^c with width k — 2. 
Therefore, S(S) has strong specification. The proof is complete. 

□ 

Remark 5.5. 

(i) In the proof of Theorem \5.4\ the constant M(T.(B)) of strong specification is less 
than or equal to 3y^{M')^ + {N')^, which is given by \5.5\) . It is of interest to know 
the optimal (least) value of M{'S{B)). 

(ii) Lightwood [42] showed that if a 1? shift of finite type S is square filling and 
topologically mixing, then S has the UFP. 

The following two well-known examples illustrate Theorem 15.41 The first is the 
Golden- Mean shift, which is considered in Example 14.171 

Example 5.6. From Example \4-17[ 

H2(6g) =V2(6g) 

Clearly, Bq is crisscross- extendable and EI2 = V2 is 2-primitive. 
It can be computed that 





■ 1 


1 ■ 


J '5'2;1,2 = 


■ 1 


■ 


, S2-l,3 = 


■ 1 


" 




1 





1 





1 







■ 1 


■ 


J '5'2;2,1 — 


■ 1 


1 ■ 




■ 1 


" 




1 











, S2-2,3 = 










■ 1 


1 ■ 


, S2;3,2 = 


■ 1 


■ 




■ 1 


1 " 
















1 'S'2;4,l = 









The other S2:a,/3 cire zero matrices. 

Then, by Theorem \5.S[ it is easy to verify that Bg satisfies HFC with size (1, 1). 
Therefore, by Theorem \5.4\ S(Sg) has strong specification. 

Burton and Steif [13l [1^ introduced the following example, which is closely 
related to the ferromagnetic Ising model in statistical physics. 

Example 5.7. Consider the color set S'^ — {—2, —1, 1, 2}. The rule ofKBS ^ S'^'^ 
is that a negative is disallowed to sit to a positive unless they are both ±1. To fit 
1S4 to the color set S4 = {0, 1, 2, 3} used in this work, —2, —1, 1 and 2 are replaced 
with 0, 1, 2 and 3, respectively. Then, the following can be shown; 



1110 
10 10 
110 
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2{Bbs) 
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Clearly, EII2 = V2 is 3-primitive and Bbs is crisscross- extendable. 

That Bbs satisfies HFC with size (2, 2) can be proven and the details are omitted. 
Therefore, by Theorem\5.4[ "^{Bbs) has strong specification. 



The size (M, N) of hole- filling condition may be even larger than (2,2), as in the 
following example. 

Example 5.8. It can be verified that 
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1 
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1 
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1 





1 


1 


1 



satisfies HFC with size (3, 3) and 



M2{B2 



satisfies HFC with size (4,4). Both have strong specification. The details are omit- 
ted. 

The following example concerns the Simplified Golden Mean (SGM), which does 
not satisfy HFC but satisfies (HFC)3. 

Example 5.9. (Simplified Colden-Mean) Consider S2 — {0,1} and 



hiBs)=Y2{B,) = 



1 1 

1 

1 





1 









That T,(Bs) has strong specification can be easily shown. Indeed, for any two pat- 
terns Ui e IIr^{^{Bs)) and U2 e nfl2(S(Ss)), i?i,i?2 C Z^, with d(i?i,i?2) > 2, 
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coloring the vertices in 1? \ (R\ IJi?2) yields a Bs-admissible global pattern. 
Therefore, SGM has strong specification with size M — 2. 
However, consider the Bg- admissible pattern U in Fig. 5.5. 
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JV 
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Figure 5.5. 



Clearly, U cannot be extended any further on the corner since the local patterns 






1 


1 






and 






1 


1 


1 



are forbidden. Therefore, SGM does not satisfy HFC. 
Now, by Theorem \A.l[ it can be verified that Bs satisfies {HFC)^ with size (3,3). 
Clearly, Bg is 3 crisscross-extendable, and IHI3 = V3 is 2-primitive. Therefore, by 
Theorem \5.4\ SCM has strong specification. 



The following example demonstrates a genuine failure of the hole-filling con- 
dition, which causes the failure of strong specification. Indeed, in [12], Boyle at 
el. consider this example to prove that block gluing is strictly weaker than corner 
gluing. Hence, this example does not have strong specification. 



Example 5.10. Consider Bb — 82^^^ \ 






1 









, meaning that 



= V2 = 



10 11 
1111 
1111 
1111 



Now, T,{Bb) lacks the corner gluing property, as follows. Consider Wi = {0}^ 
and W2 — {1}^ • Let Ui = Wi \Ri, i = 1,2, where Ri is the L-shaped lattice and 
R2 is the rectangular lattice; see Fig. 5.6. 
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Figure 5.6. 

Therefore, the following pattern on Amxn, 'in Fig- 5.7 for all m,n > 1 where 



e {0, 1}, cannot be filled without lo|ol, which is forbidden. 
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Figure 5. 7. 

Similarly, the corner gluing property fails in one of the four corners when 
B and B ^ B for some 
















B e 



\ EE 
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1 






and then does not have strong specification. 



Remark 5.11. The ideas for strong specification in this section can be applied to 
higher- dimensional shifts of finite type; see [51 131). 

6. Edge coloring 



Edge coloring models are very common in statistical physics and other fields 
[H 13 IMl 133 IMl IMl HD]- For completeness, this section briefly discusses edge 
coloring. The ideas of corner coloring in the previous sections apply to edge coloring 
with some modifications. For simplicity, only the case of two colors is considered: 
^2 — {0,1}. The results hold for all Sp, p > 2. The unit square lattice is still 
denoted by Z2x2- For m,n > 2, denote the set of all local patterns with colored 
edges onZmxn over ^2 by i;^^„. 

Fist, the ordering matrices XJ^ and Y^, n > 2, are introduced to arrange sys- 
tematically all local patterns in S^xn ^^id 'Snx2- 

4 

For n = 2, the horizontal ordering matrix X2 = X]-^2-i ^^'^ vertical ordering 

i=i 



4 



matrix Y2 = J2^2 i ^^'^ defined as 



0X0 




\ «2/ 
0X1 






1X0 




\m2/ 



and 




U1XU2 



.0. 
T 



where wi,U2 G {0,1} with j — ip{ui,U2). For n > 3, the higher order ordering 

4 

matrix Xfj = ^ XJ^.^ can be recursively defined recursively by 



3.1) 



— (^2;1 



Tl;3 



V^2;3 ' 
(Xi;3 ' 



>X^_l;l) + (X|4®Xf,_1.3), 

' XS,_i .n I -|- (Xo./i (X) X!;_i .A ) . 
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Similarly, = J2'^n-i' " ^ 3, can be defined recursively as above. Notably, 



comparing (|6.ip with (|2.6p . the discussion of edge coloring is very different from 
that of corner coloring. Accordingly, the formulae for the transition matrices and 
connecting operators must be changed. 

Now, for m > 2 and 1 < a < 4, the connecting ordering matrix SJ^^.^ = 



the form, 



is defined, where (Sf„.^)^j is the set of all local patterns of 







\ ^2 / 












/ fe2 \ 


with bj e {0, 1}, 1 < 


j < 771 


— 1, a ~ 


^{li,...,lm)- Notably, 






(6.2) 






for all TO > 2, 1 < a < 4. 






Now, given a basic set Be C ^2x2' ^^'^ horizontal transition matrix M2 = J2 ^t-j 
is defined by M^.j = [/i2;j;s,t] 2x2' '^^ere 



(6.3) 

As in (jOj) . for n > 3, 



= otherwise. 



HJ^.j- can be defined recursively. The vertical 

i=i 



transition matrix V2 = J2^2-i defined analogously. 



Given Be C ^2x21 for to > 2 and 1 < a < 4, the connecting operator 5^;.^, 



k,l 



2'"x2" 



can be defined, where (»S'^.q,)^^ is the cardinal number of all 



Sg-admissible local patterns in (S^.^j^ ^. Furthermore, from 
for TO > 2 and 1 < a < 4. Similarly, for V|, the connecting operator is denoted by 



W^-a, TO > 2 and 1 < a < 4. 



For TO, 77 > 2, Hf„_„_,_j = (Hfj^j) can be expressed in terms of ]H[f„_„ and 5'^.^ 
as follows. First, for n > 2, let 



(6.5) 



Hn-l 



'^n-.l T ^^n;2 



and Hn-} 



Then, for to > 2 and 1 < ^ < 2™, define 

where Ij € {1, 2}, I < j < m, with ^ = i/) (/i — 1, Z2 — 1, • ' ' Jm — !)• 
For TO > 2, let 
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(6.7) 



<I3<4 



Tje Tje 
-"m,n+l:l -"m,n+l;2 

-"m,n+l;3 -"m,n+l;4 



m,n+l;^i;^2;...;/3<, 



Then, for 1 < g < n— 1, apply (16. 7p g times to decompose HJ^ = 

into 4''-many 2"^"^ x 2"^"^ submatrices H^^ n+i-pi-ps- ■/? ■ "^^^ results that hold for 
are also valid for V^. 
As in Proposition 12.41 n+i-^i /32- -^^ '^^^ expressed as the product of q- 
many 5^.^ and 

Theorem 6.1. Jbr any m,n>2 and 1 < g < n — 1, 



l<ft<4,l<J<9 



2'" 

(6.8) ^m,n+l;^i;/32;...;/3g — ^ ('5'm;/3i 'S'm;^2 ' ' ' "^mi/S, ) ^ ^ -^mln-q+l 

and 

2'" 

(6.9) ^m,n+l;/3i;/32;...;/3g ^ (^m;/3i ^m;/32 ' " ^m;^, ) ^, ^ ^m,n-q+l ' 

fc,/=l 

Notably, in edge coloring, to color a lattice i? C is to color the horizonal 
and vertical edges that connect the vertices in R. The definitions of rectangle- 
extendability, crisscross-extendability and corner-extendable conditions C(l) ^ 
C(4) for edge coloring are similar to those for corner coloring. Furthermore, the 
following theorem is obtained as Theorem 13. 141 The details are omitted for brevity. 

Theorem 6.2. // 

(i) Be C ^2x2 crisscross-extendable, 

(ii) Be satisfies three of corner- extendable conditions C{i), 1 < i < 4, 

then W^(Be) and Yfj^^Be) are primitive for all n > 2 if and only if T,{Be) is mixing. 

The non-degeneracy of H| and V| is defined as follows. 

Definition 6.3. An H2 (^2) non-degenerated if both H2;i and H2:2 (V2:i o,nd 
V2;2y' o,re non- compressible. 

That if both M2{Be) and Y%{Be) are non-degenerated, then Be is crisscross- 
extendable and satisfies corner filling conditions C(l), C(2) and C(4), can be easily 
confirmed. 

Definition 6.4. 

(i) For q > 1, a finite sequence (3^ — /3i/32 ■ ■ ■ is called a diagonal sequence with 
length q if G {1, 4} /or 1 < j < q. 

(ii) A diagonal sequence = /3i/32 ■ ■ ■ Pq is called an Se-invariant diagonal sequence 
of order (m, q) if there exist m > 2 and an invariant index set K, C {1, 2, • • • , 2™} 
such that 



keK. 

for all I E K. 
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(iii) A diagonal sequence = ■ ■ ■ is called a We-invariant diagonal sequence 
of order (m, q) if there exist m > 2 and an invariant index set /C C {1, 2, • • • , 2™} 
such that 

(6.11) E(^";/3i^™;fc---W^™;^,),,^l 
fee/C 

for all I Cz IC. 

As Theorem 14.21 the fohowing theorem provides a finitely checkable sufficient 
condition for the primitivity of (V^), n > 2, and then for mixing of T.(Be)- 

Theorem 6.5. Given Be C 'i^2x2r if 

(i) H2 is non-degenerated, 

(ii) there exists an Se-invariant diagonal sequence (3^ — (^1^2 ■ ■ ■ of order 
(m, q) with its invariant index set /C, 

(iii) -ff^'^n is primitive for 2 < n < q + 1, 

then Hfj is primitive for all n > 2. Similarly, if 

(i) ' V| is non-degenerated, 

(ii) ' there exists a We-invariant diagonal cycle = /3i/32 ■ ■ ■ of order {ffi, q) 

with its invariant index set K., 

(iii) ' VrTi n is primitive for 2 < n < q + 1, 

then is primitive for all n > 2. Furthermore, if (i)^ (iii) and (i)''^(iii)' hold, 
then YiiBe) is mixing. 

Remark 6.6. 

(i) As above, the method of primitive commutative cycles for comer coloring in 
Section 4 is also valid for edge coloring. For brevity, the detailed statements of 
primitive commutative cycles for edge coloring are omitted. The results concerning 
strong specification in Section 5 apply to the edge coloring problem and detailed 
statements are also omitted here. 

(ii) It is known edge-coloring problem can convert into corner- coloring problem, but 
the number of symbols will become large in general. In practice, many problems 
are more convenient to be studied by transforming into edge-coloring problems; see 
Examples \ 6. 7| and 1 6. 8[ Hence, the methods for edge coloring are discussed in this 
section. 

The following six-vertex model (or ice-type model) is used to illustrate Theorem 
[631 

Example 6.7. The rule of the six-vertex model is that the number of arrows that 
point inwards at each vertex is two, such that 




For ease of computing, the rightward and upward arrows in each pattern in B are 
replaced by the digit (color) 1 and the leftward and downward arrows in each pattern 
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are replaced by the digit (color) 0. Then, the six-vertex model can be transformed 
into an edge-coloring problem with the colors in S2 = {0, 1}. Indeed, 



Be;6 = 



Clearly, 



' 1 


■ 




■ 


" 





1 




1 






'"2:3 



1 




Also, 



'2;j 



''2;j 



, 1 < j < 4. From [U^\ ), 



1 














1 











1 


1 














1 



S2;l 



is easily verified. Then, /3i — 1 is an S^-invariant diagonal sequence of order (2, 1) 

4 _ 

with index set JC — {1,2,3,4}. Clearly, X)-^2 2 Primitive. Hence, by Theorem 

1=1 

1 6. 51 is primitive for all n > 2. Since ~ 1 ^ J 4, Vfj is also 

primitive for all n > 2. Therefore, the six-vertex model is mixing. However, it does 
not have strong specification. 

The following well-known eight- vertex model is shown to have strong specifica- 
tion. 

Example 6.8. The rule of the eight-vertex model is that the number of arrows that 
point inwards at each vertex is even, such that 







As in Example \6. 7[ the basic set of the eight-vertex model can be transformed • 
follows; 



Be;8 = \ 

Indeed, Be-a *s the set of all tiles in "^2x2 ^^"^^ have even sums of digits on their 
four edges. 

It can be verified that for any k > 2, the following admissible pattern U on 
AmxN, M,N >2k-'S , can be extended to A(M+4-2k)x{N+4-2k)-k{{k - 2, fc - 2)) 
but U can not extend to Z(jvf+4)x(7V+4)((^2, — 2)). Therefore, Be-^s does not satisfy 
{HFCjk for all k>2. 



U 



\o/ 
0X0 
/ox 


\i/ 

0X0 
/i\ 


\o/ 
0X0 
/o\ 




\o/ 
0x0 
/oX 


\o/ 

0X0 

/0\ 




\o/ 
0x0 
/o\ 






\o/ 
0X0 
/o\ 


\o/ 
0X0 
Xo\ 


xoy 

0X0 
/ty\ 


\0X 
0x0 
/o\ 




\o/ 
0X0 
/o\ 


\0X 
0x0 
Xo\ 



N - 



M ■ 
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Figure 6.1. 

Before proving strong specification of Be-s, some notation must be defined. A 
lattice Rsc = IJ Z2x2((i,j)), 2^ C Z^, is called a simple- curve lattice if each of 
(*j)62: 

its unit square lattices has exactly two shared edges that connect to two other unit 
square lattices of Rsc. Clearly, two kinds of simple-curve lattices exist. They are 
(i) bounded simple- curve lattices and (ii) unbounded simple- curve lattices. 




(i) A bounded simple- curve lattice. (ii) An unbounded simple-curve lattice. 

Figure 6.2. 

Now, the following facts can be easily verified and the proofs are omitted for 
brevity. 

Fact 1. Suppose Rsc is unbounded. If the non-shared edges on Rsc are colored with 

and 1, then there exists exactly one pattern U € T,ii^^(Be:s) *^ which 

colors on the non-shared edges are as assumed. 
Fact 2. Suppose Rsc is bounded and its non-shared edges are colored with and 1. 

Let £i(Rsc) be the set of all interior non-shared edges and £o{Rsc) be the 

set of all exterior non-shared edges. 

Given a global pattern W S Y,{Be;s)j for any bounded simple-curve lattice 

Rsc, both sums of the digits (colors) of W on £i{Rsc) and £o{Rsc) o.i'^ 

even. 

Conversely, if both sums of digits on £i{Rsc) and on £o{Rsc) a^'e even, 
then there exists a pattern U € I]fl,^(y8e;g) in which the colors of its non- 
shared edges are as assumed. 

Let two allowable patterns Ui € n/jj(W^i) and U2 G liR^i^'i) with d{Ri,R2) > 2 
where Wi,W2 G Y}{Bc:8) o.'iT'd Ri,R2 C Z^. The Jordan curve theorem can be used 
to verify the existence of Ri ^ Ri, i £ {1,2} , satisfting the following; 

(i) Ri[jR2= I? and f] ^2 = 0, 

(ii) the union of allZ2x2{{i, j)) withZ2x2iii, j)) fl -^i 7^ ^ and Z2x2iii, j)) f] ^2 
0, can be represented as a union of simple- curve lattices that do not overlap 
each other. 

Then, a global pattern W G 'S{Be-s) with W \r-^= Ui and W \r2~ U2 can be 
constructed by the following steps. 

Step 1. //Z2x2((«,j)) C Rk, k e {1,2}, color W |z2x2((»,j))= Iz2x2((»,j)) • 
Step 2. From Facts 1 and 2 above, the unit square lattices that remain after Step 1 
can be tiled with the tiles in Be-s, • 

Therefore, Yi{Bc:s) has strong specification. 

Remark 6.9. By converting edge coloring into corner coloring, Examvle \6.8\ is an 
example for strong specification ^ (HFC)k- 
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Appendix A. 

In this Appendix, (HFC)a;, UFP and comer gluing are expressed in terms of ]HI„ 
and §,„, which are very useful in verification by using numerical computation. 

First, (HFC)fe can be expressed in terms of the horizontal transition matrices 
IHI„ and the connecting operators Sm-a.p and Wm-.a,^- 

Theorem A.l. Given B C S2x2(p), for k>2,B satisfies {HFC)k with size (M, N) 
if and only if for 1 < i,j < p^^ and 1 < a; < , 1 < I < N + 4, if 

(i) (a) iSM+l;ai,a2)q^t > 1; (b) J2 ('S'A./+l;ajv+3,ajv+4) „ > 1; 

q=l ' q=l 

(C) > 1, (d) i^N+i)t., > I, 

q=l q=l 

where 

s = il) a2,i, • • • ,aAr+4,i) and t ^ ip (ai,2, ^2,2, • • • , aAf+4,2) 
Q^n,!, a„^2 € Sp such that ip (q;„_i, q;„_2) = Q^n, 1 < n < A^ + 4, 

(ii) there exist 1 < i',j' < p^' withi' = ip {i[,i'2, ■■■ ,i'M) andf = tp (jj, jj, ■ ■ ■ , Jm) 
such that 
(a) 

(<S'M+l;Q2:Q3'5'Af+l;a3,Q4, • ■ ■ J »S'M+l;Qfc-i:Qfc)i i/ — 

(b) 

{Sm+1 

(c) 

l;/3i,/32W0v2+l;/32,/33r ■ • > W0v2+l;/3fc-2,ft-i) „ > 1' 

9=1 

(d) 

tii/iere 

' Ai A + 4 - /c and Ai = A + 4 - 2A:, 
s' = i/) aA:+2,i, ■ • • , aTVi.i) a'^rf t' = 7/' (afc+1,2, afc+2,2, ■ • • , a7Vi,2) 

/3i = i>{ak,i,o^Ni+i,i) and Pi = ^ ^ {2, 3, • • • , fc - 1}, 

, P'l = ipii'M-k+2+iJ'M-k+2+i)^l e {1,2,- - • - 2}, and = ^p{ak,2,aN,+i,2), 



then 



('S'M+l;a2,a3'S'M+l;ct3,a4j • • • j 5'M+l;ajv+2.ajv+3 ) i j- — 



Notably, conditions (i) (a)~(d) present that the patterns U on Amxn are B- 
admissible as in Theorem 15.21 As in Fig. A.l, conditions (ii) (a)'-^(d) present that 
U can be extended to ^(M+4-2fe)x(Ar+4-2fe);fe((^ - 2, fc - 2)). 
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A 



MxN 







7 


; 












k 










(ii) (b) 

■ ■ ■ ■ r ^ 


1, . . . . 


k 




(ii) (c) 1 

. . . . J 

(ii) (a) 


K 

|(ii) (d) 



























N 



/ 



M \ 

-4(M+4-2fc)x(Af+4-2fc);fc((fc — 2, fc 

Figure A.l. 

Next, UFP with rectangle-extendability can be expressed in terms of the hori- 
zontal transition matrices H„ and the connecting operators Sm;a,i3- 

Theorem A. 2. Suppose B C S2x2(p) is rectangle-extendable. has the UFP 

if and only if there exist a positive integer g such that for m,n > 2 and I < a,b < 



P 



m-2 



, 1 < c, d < p", l<i,j < andl<s,t< p»+2g+4 ^-^^^ 



(i) 



a 


= ■0(ai 


,0,2,- 


■ ■ , ara-2) and 


b 


= "0(^1,^2, • 


■ : bm-2), 


c 


= i^ici, 


C2, ■ ■ 


■ , c„) and 


d 


= ip{di,d2,- 


1 ) J 


i 


= ip{ii, 


«2, • • 


,im+2g+i) and 


3 


= '0(ji,i2, • 


• ,jm+2g+4), 


s 


= tp{si 


S2, ■ 


■ , s„+2g+4) and 


t 


= 1p{tl,t2, ■ ■ 


■ 1 tn+2g+4:), 



p""— 4 

(a) ('S'm-3;ai,Q2)„ i > 1; 

9=1 



(b) ('S'm-3;aa_i,afi) - > 1, 

9=1 



(e) (5'77i_3;a2 ,03 — 3;a3,a4 7 ■ ■ ' : Sjfi, — ^-^0(^-2^(^^1-1) i j — -^J 

where 

rh = m + 2g + 4 and fi = n + 2g + A, 
ai =ijj (sijti) ,1 <l <n, 

(ii) (S'm-l;/3i,/32'S'm-l;/32,/33 ' ' ' 'S'm-1;,3„_ 1 ) ^ > 1, 

where Pi = '4>{cudi),l G {1,2, • • • ,n}, 
then there exist ii,£,[,rii,ri[ £ Sp, 1 < Z < g, such that 

(1) ("Sm — 3;a2,c»3'^"i — 3;a3,Q4 ' ' ' 5',n_3;ag^2 ,ag+3 ) j j/ ^i! 1; 

(2) ('^S+l;7l.72'^ff+l;72,73 ' ' ' '^S+l:7ii-l>7n)i(i) i(2) — 1; 



(3),i(-i) 



> 1, 
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(»S'm-3;Q„+g-|-2, "71+3+3 '^™-3;Q„+g+3,an+g+4 ' ' ' ^■rn-3;afi_2, ari-a) jr j ^ 1; 

where 

i' = • • • ,^g,ci,ai,a2, ■ ■ ■ ,a„i_2,di,fi,^2; • • • ^Cg)i 

f = ^{m.m, ■ ■ ■ ,Vg,Cn,bi,b2, ■ ■ ■ ,bm~2,dn,Vl,V2, ' ' ' , V'g) , 

=^(^i,^2,-- - Ag) andi^'^^ ^ ^[-q^^-q^^ . . . ^r]g), 
For example, let m = n — 3 and g — 2; see Fig. A. 2. 
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Figure A. 2. 

Similarly, corner gluing condition with rectangle-extendability also can be ex- 
pressed in terms of the horizontal transition matrices H„, V„ and the connecting 
operators Sm:a,p- 

Theorem A. 3. Suppose B C 5^2x2 (p) is rectangle- extendable. is corner 

gluing if and only if there exist a positive integer g such that for m,n > 2 and 
1 < a < p™, 1 < 5 < 1 < s < p"+s+2 andl<t< p^+s with 



a = ^(ai, 02, • • • , Om) and b = ■0(^1, &2, ■ ■ ■ , bn-i), 

S = ijisi,S2,- ■ ■ ,Sn+g+2) and t = V(il,*2, • ■ ■ ,*m+g), 



if 



(i) (a) E 

9=1 



^n+g+2)g g > 1, 



(b) I] (Ki+3-|-l;si+l,S2+l)q,t > 1; 



9=1 



(c) t/iere exist Cj £ Sp, 1 < j < n + g, such that 



^ ] ('S'm4-g;ai,Q2 *5'm+g;0!2,a3 J ■ ■ ■ j 'S'm-|-g;Q„+g ,a„+g+i ) ,j ^ 1, 
9=1 



t' — -0(^1, ^2, • ■ ■ , ^m+g-l), 

ai = -0 (s2,im+3) and ai = t/j (.s;+i, , 2 < ^ < n + .g + 1, 
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(ii) there exist dj (z Sp, I < j < n — 1, such that 

(5',„_i;/3i,/32S'„i_i;02,/33, • • • , '5'm-l;;3„_i,^„)^, > 1, 

9=1 

where 

f a' = -0(02, as,- - ■ , ajn-i), 

\ ai = (oi, a,„) and ai ^ ij^ (6;_i, , 2 < Z < n, 
then there exist £,i,rji ^ Sp, 1 < I < g, such that 

(1) ("Sm+gni, 72'5'm+g;72, 73 '■■ *5'm+g;7g + i, 73 + 2)4/ — 1' 
pS 

(2) I] ('5's+l;<5i,<52'S'g+l;52,<53 • • ■ 'S's+l;5„_i,5„) „ > 1) 
9=1 

' 71 = V (s2, im+g) and 7^+2 = (sg+s, flm) , 
^ 7,=^(s,+i,6-i),2<Z<5 + 2, 

(5i = -0 (ss+3, oi) anrf (5; = V' (sg+;+2, , 2 < Z < n, 
. 7? = ip{m,V2, ■■■ ,Vg) and 77' = V'('?i,'?2, ' ' ' ,ilg,ai,a2, - - - ,a„_i). 

For example, let m = n = 3 and g — 2; see Fig. A. 3. 
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